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Abstract. In the spatialdomain,the inclusionof an object in a region canbe definedby inequationscontaining
trigonometricexpressionsandseveralvariables.Proving thatarelationholdsinvolvesconstraintsolving.To circum-
ventthecomputationaldifficultiesarisingfor theseproblems,weexploretheapplicablilityof classificationlearning
programsto thisdomain.
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1 Introduction1

Methodsof inductive generalizationon examplesde-
velopedin classification(concept-)learning can be
appliedto “prove” implicationsin predicatelogic se-
mantically, especiallyin the spatial domain, which
may — in the general case — consist of an � -
dimensionalfeaturespace.The learnedrulesprovide
knowledgeof the type “region

�
is containedin re-

gion � ” (or “every ��� region
�

is � region � , too”)
holding in the featurespacedefinedby the parame-
ters(variables)of theproblemathand.A specialcase
is the learningof a decisionfunction

�	� ��

��������������� ,
which decideswhethera vector ��� � ��
���������������� be-
longsto theregionwherethepredicate

�
is true.Seen

from thelogicalpointof view, thisprocedureprovides
knowledge(rulesandfacts)which may establishthe
knowledgebaseof an inferencemachine,which has
ususallyto begivenby thehumanusera priori.

On the otherhand,onegetsa tool to solve (in gen-
eralonly approximately)constraintsatisfactionprob-
lemsin thespatialdomain,for exampleif a setof nu-
mericalconstraintsdefinesacomplicatedregionin the
featurespacefor which it is not easyor evennot pos-
sibleto find analyticalboundarydescriptionsby some
kind of formulamanipulationsystem.Theconstraints
in the examplegivenbelow containinequationswith
trigonometricfunctionsleadingto computationaldif-
ficultieswell known in robotics.Seenfrom thecogni-

1This researchwas supportedby the DeutscheForschungsge-
meinschaft(DFG) in the project“Modellierung von Inferenzenin
MentalenModellen” (Wy 20/2–1)within the priority programon
spatialcognition(“Raumkognition”).

tive point of view, we claim that at leastpartsof hu-
manknowledge(factsandgeneralrules)are learned
by experienceusingthetypeof inductiveinferencein-
troducedin thispaper.

Formally, it is to be proved whetherthe implication
(hypothesis)��� ���	� ����� � � ����� is true (as already
mentionedabove,proving a singleconstraintis a spe-
cial case).

�
and � areexpressionsin predicatelogic

consistingof predicatesdescribingnumerical con-
straints.� is an � -dimensionalvectorof variables.I.e.
the functions(truth-)value(

�
) andvalue(� ) �! #"$��%
&

describe(in the generalcasedisconnected)classre-
gions in ' � , in which the constraints

�
and � are

satisfiedor not satisfied,respectively. (I.e. thesefunc-
tionsarethemembershipfunctionsof the

�
- and � -

regions,respectively.)

If we wantedto prove theimplication“semantically”,
every valuationof � (by a real valuedn-dimensional
vector)satisfying

�
hasto beshown to satisfy � , too.

Sincesuchtestingis not possiblein thecompletedo-
main of real numbers,we use inductive generaliza-
tion, i.e. we generatea finite “training set” of points
(vectors)equallydistributedovera region in ' � cov-
ering the

�
- and � -regions, respectively, and com-

pute the truth valuesof
�(� ��� and � � ��� for all � in

the trainingsetusingthegivennumericalconstraints
and the truth tablesof logical functorsoccurring in�

and � , respectively. I.e. a finite “set-of-support”
for thefunctionsvalue(

�
) andvalue(� ) is generated.

Now algorithmsof classificationlearning(e.g.,deci-
sion treelearningor Perceptron)constructclassifiers
which — by inductive generalization— decidethe



classmembershipof anarbitrarily chosen� (not nec-
essarilycontainedin the training set) by somekind
of “interpolation”.This is donein generalwith some
generalizationerrorarisingin our casedueto theun-
avoidableapproximationof the boundariesbetween
the

�
-regionandthenot

�
-region (first classification

problemto besolved)andbetweenthe � -region and
the not � -region (secondclassificationproblem),re-
spectively. The generalizationerror canbe measured
using a test set of classifiedexamplevectorsdiffer-
ent from the training set. Decisiontree learnersap-
proximatetheclassboundariespiecewiseandlinearly
by axis-parallelhyperplanes,generalizedPerceptrons
by hyperplanesin generalposition.Now the implica-
tion ��� �)�(� ���*�+� � ����� canbe “decided”within the
limits of approximationerror by testingwhetherev-
ery � takenfrom thetestsetandclassifiedasbelong-
ing to the

�
-region (i.e. value(A)=1) alsobelongsto

the � -region (value(� )=1, too). This procedurehas
beensuccessfullydemonstratedby meansof an ex-
ampleproblemtaken from the areaof spatial infer-
enceusingthedecisiontreelearnerCAL5 [3, 4], see
below. It can be shown that by graduallyincreasing
the sizeof the training settogetherwith increasinga
certainparameterof CAL5, theaccuracy of theclass
boundaryapproximationcan(theoretically)be made
arbitrarily high. This is analogousto the definition
of realnumbersin analysisby sequencesof intervals
of decreasinglength.Evensmallergeneralizationer-
rors canbe obtainedusinga generalizedPerceptron-
algorithm(DIPOL, see[5]). Of course,onecould try
to applysimplestatisticalteststo “prove” theimplica-
tion statistically, but we are interestedin explicit de-
scriptionsof classboundariesfor reasonsmentioned
below.

2 Examples

Thefollowing exampleis takenfrom constraintsatis-
factionproblemsarising in a new algorithmfor spa-
tial inference[6, 1] developedwithin the framework
of theDFG Priority Programon “SpatialCognition”.
Weexploredtheapplicabilityof CAL5 for theseprob-
lemsby somesimpleexamples.Thescenariowasal-
waysthesame:it hasto bedeterminedwhetheranob-
ject is right of a person(indicatedby a point , ) or
not. An objectis right of , if f every point of it is in
theareaboundedby thefirst andseconddiagonal(see
Fig. 1). For our experimentswe definethatanobject
is in an“

�
-region” in thefeaturespacedefinedby the

parametersof theproblem(seebelow), if f its corners
areright of , . Theobjectis in the“ � -region” if f any
point of it is right of , . Without lossof generalitywe
usedfor the“ � -region” only onefixedpointof theob-
ject, thepoint in themiddleof theobject.

2.1 Experiments with a bar

lab

x
y

y
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Figure1 Bar right of ,

Let -(. and -(/ be the coordinatesof end point 0
in the , -coordinate-system,respectively, and -*12�� -*.*34-*/5��6
798;: , 798�: beingthelengthof thebar. Then
the

�
-region is determinedby

- 1=< " and

- 1=< >�?A@CB 3ED;F >GB
andthe � -regionby

- 1=< � >�?H@CB 32D�F >GB ��6
I
(In order to get a mappinginto a 2-dimensionalfea-
ture spacedefinedby -(1 and B so that we can de-
pict the classboundaries,we simplified the problem
by consideringthe case-(/ < " only. With this re-
striction,in facttherelation
“right or behind” boundedby the first diagonal is
considered.)

With theabbreviation �J� >�?H@ � B � , theexplicit bound-
ary betweenthe

�
-region and not

�
-region can be

computedin this simplecaseand is given by ��KL�M K � - 1 �N�O- 1 6
IQPSR %�6
IN3T-(U1 6#V , analogousfor the
� -region ��WT� M W � -*1��X�Y-*1�P R %�6
IN3T- U1 . We use
it for comparisonwith thelearnedboundaries.

The two parametersB and -*1 spana region of the
' U . We generateda finite “training set” of points
equally distributed over a subset B � Z "$��[�\ and
-*1*�OZA3]"$�_^G�`IG� "�\ of ' U andcomputedthe truth val-
uesof

�
and � for eachvector

� B �a-*1�� of the train-
ing set,respectively. (For theseranges,approximately
50% of the datawere in class

�
, andapproximately

65 % of the datawere in class � .) Then the train-
ing setwassplit into a learningsetanda testset for�

and � , respectively. Now the decisiontree learn-
ing algorithmCAL5constructedclassifiersfor the

�
-

regionand � -regionwith theparametersalfa = 0.25
andthreshold = 0.85.Thegeneralizationerrorof
bothclassifierswasmeasured.Finally weusedthe � -
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Figure3 Learnedboundaryfor 500points

region classifierto classify the
�

-region test set in
orderto “prove” the implication � B �a- 1 ���	� B �a- 1 �c�
� � B �a- 1 ��� .
Fig. 2 shows the

�
-region with computedboundary

vs.not
�

-region.Fig.3showsacomparisonof thereal
(computed)boundaryof the

�
-regionwith thelearned

onefor a learningsetof 500 points.Thereis a rela-
tively largeclassifyingerrorof 6 %.

Theerrorshrinkswith anincreasingnumberof points
for learning.Thiseffect is visible in Fig. 4 andFig. 5.
The sameholds for the � -region covering the

�
re-

gion (not shown in thefigures).Furthermoretheerror
for classifyingthe

�
-regiontestsetby theclassifierof

the � -regionis near0 %. Thismeanswe“proved” the
implicationabove inductively.

2.2 Experiments with a rectangle

In thissectionweconsiderthemorecomplex problem
of learningafunctionfor decidingwhetherarectangle
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is locatedcompletelyin theright of regionof anego-
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Figure6 Rectangle0*3�de3�fg3Th in theright – area
of ,



centric referencesystemwith origin , (Fig. 6). The
right region is boundedby the diagonalsij�k� and
il�!3C� .

Thecornersof therectangleare 0 , d , f , and h , respec-
tively, andthelengthsof thesidesare 798;: and 798;m , re-
spectively. If weregard 0 - d asthebasesideof therect-
angle,B is theangleby which therectangleis rotated.
-onHprq s;t. and -onHprq s;t/ , the offsetsin � - and i -direction
from theorigin , to apoint u , respectively, aretheco-
ordinatesof u .

To checkwhethertherectangle0v3�dw3�fw3�h is in the
right – region of , , we have to checkthatall corners
arewithin theregion.Thismeansthepointshaveto be
below theline io�x� andabovetheline io�y3C� . The
inequationsfor thedifferentcornersaregivenbelow.

Upperbounds

(a)

- 8 z � - nHprq 8 t. 3E- nHp{q 8 t/ (1)

- z � - 8 6�7 8;m (2)

- nHprq 8 t. | " (3)

- nHprq 8 t. | - nHprq 8 t/
- 8 | "
- | " (4)

(b)

- nHp{q : t. z � - nHprq 8 t. } 7 8;: D�F >GB
- nHp{q : t. | "

- nHprq 8 t. } 798;:$D�F >GB | - nHprq 8 t/ } 798;: >�?A@CB
-*8 | 798;: � >�?H@CB 32D�F >GB �
- | ~ � >�?H@gB 32D�F >GB � (5)

(c)

- nHprq ��t. z � - nHprq 8 t. } 7 8�: D;F >GB
} 7 8�m D;F > � B }�� "r�

� - nHprq 8 t. } 7 8�: D;F >GB 327 8�m�>�?A@gB
- nHprq ��t. | "

- n�prq 8 t. } 7 8;: D;F >GB 327 8�m�>�?A@CB
| - nHprq 8 t/ } 7 8�:G>�?H@CB } 7 8;m D�F >GB

- 8 | 7 8;: � >�?A@CB 3ED;F >GB � }
7 8;m � >�?A@CB } D;F >GB �

- | ~ � >�?A@gB 3ED;F >GB �
} � >�?A@gB } D;F >GB � (6)

(d)

- n�prq m t. z � - nHp{q 8 t. } 798;m�D;F > � B }4� "{�

� - nHp{q 8 t. 3E798;m >�?H@CB
- n�prq m t. | "
- 8 | 3]7 8�m � >�?H@CB } D�F >GB �
- | 3 � >�?H@CB } D�F >GB � (7)

Lowerbounds

(a)

-*�8 z � - nHprq 8 t. } - nHp{q 8 t/ (8)

- ��z � - � 8 6�7 8;m (9)

~ z � 7 8;: 6�7 8;m (10)

- nHprq 8 t/ | 3�- nHprq 8 t.
- � 8 | "
- � | " (11)

(b)

- n�prq : t/ z � - nHp{q 8 t/ } 798;: >�?H@CB
- nHp{q 8 t. | 3]7 8�: D;F >GB (12)

- nHprq 8 t/ } 7 8;:$>�?A@CB | 3 � - nHprq 8 t. } 7 8;: D;F >GB �
-*�8 | 3]7 8�: � >�?H@CB } D�F >GB �
-*� | 3 ~ � >�?H@gB } D�F >GB � (13)

(c)

- nHprq ��t/ z � - nHp{q 8 t/ } 7 8;:�>�?H@CB
} 7 8;m�>�?H@ � B }�� "r�

� - nHp{q 8 t/ } 7 8;:�>�?H@CB } 7 8�m D;F >GB
- nHp{q 8 t. | 7 8�m�>�?A@CB 3E7 8;: D�F >GB (14)

-�n�prq 8 t/ } 7 8;:�>�?H@CB } 7 8;m D�F >GB
| 3 � - nHprq 8 t. } 798�:$D;F >GB 3E798;m >�?A@CB �

- � 8 | 3]798�: � >�?H@CB } D�F >GB �
} 798�m � >�?H@CB 32D�F >GB �

-*� | 3 ~ � >�?H@CB } D�F >GB �
} � >�?H@CB 3ED;F >$B � (15)

(d)

- nHprq m t/ z � - nHp{q 8 t/ } 798;m >�?H@ � B }4� "{�
� - nHp{q 8 t/ } 7 8;m D;F >$B

- nHp{q 8 t. | 798�m >�?A@gB (16)

-*�8 | 798�m � >�?H@CB 3ED;F >$B �
-*� | � >�?H@CB 3ED;F >$B � (17)

Let � bethepoint in themiddleof therectangle.Then
to prove that � is in theright – areaof , , we have to
provethefollowing inequalities:



Upperbounds

- nHprq �gt. z � - nHprq 8 t. } 7 8�:
I D;F >GB

} 7 8�m
I D;F > � B }4� "r�

� - nHprq 8 t. } 798�:
I D;F >GB 3 798;mI >�?A@CB

- nHprq �gt. | "
- nHprq �gt. | - nHprq �gt/
-�n�prq 8 t. } 1����

U D;F >$B 3
1����
U >�?H@CB

| - nHprq 8 t/ } 798�:
I >�?A@CB } 798;m

I D�F >GB
- 8 | %

I
� 7 8;: � >�?H@CB 3ED;F >$B �
} 7 8;m � >�?A@CB } D;F >GB ���

- | ~
I
� >�?H@CB 3ED�F >GB � }
%
I
� >�?H@CB } D�F >GB � (18)

Lowerbounds

- nHp{q �et/ z � - nHprq 8 t/ } 7 8�:
I >�?A@CB

} 798�m
I >�?A@ � B }4� "r�

� - nHprq 8 t/ } 798�:
I >�?A@CB } 798;m

I D�F >GB
- nHprq 8 t. | %

I
� 798;m >�?H@CB 3E798;:�D;F >$B � (19)

- nHp{q �et/ | 3�- nHprq �gt.
-�n�prq 8 t/ } 1����

U >�?H@CB }
1A���
U D;F >GB

| 3 � - nHp{q 8 t. } 798;:
I D�F >GB 3 798;mI >�?H@CB �

- � 8 | %
I
� 3]7 8;: � >�?H@CB } D;F >$B �
} 7 8;m � >�?A@CB 3ED;F >GB ���

-*� | 3 ~I
� >�?H@CB } D�F >GB �

} %I
� >�?H@CB 3ED�F >GB � (20)

We ran someexperimentswith 100002,200001,and
400002points,which wererandomlygeneratedfrom
a uniform distribution in the featurespacedefinedby
the parametersB , -�n�prq 8 t. , -onHprq 8 t/ , 7 8;: , and 7 8;m . The
rangesfor theparameterswere

3]"$�_^(� - nHprq 8 t. �jI
"$� " (21)

3�I
"�� "(� -onHprq 8 t/ �jI
"$� " (22)

"$� "*� 7 8;: �Y%�"$� " (23)

"$� "*� 7 8�m �Y%�"$� " (24)

B � Z "$�`I�[�\ (25)

For theseranges,between30 and 35% of the data
were in class

�
, and between44 and 51% were in

class� . Two thirdsof thepointswereusedfor train-
ing, thelastthird wasusedfor testing.We did not use
crossvalidation becauseof the large running times2.
All experimentswererun with the CAL5 parameters
alfa = 0.25andthreshold = 0.85.Theresultsare
shown in Tab. 1.�

is the region in the parameter(feature)space(de-
fined by (in)equations(1) – (17)), in which the rela-
tion right of holdsfor 0 , d , f , and h simultaneously. �
is the right of , region for themiddlepoint � of the
rectangle,definedby (in)equations(18) – (20). The
last row of the table gives the error for the learned
implication “if thecornersof a rectangleareright of
, , the themiddleof the rectangleis right of , , too”.
Note that this implies the rule “if the cornersof a
rectangleare right of , , thenall its inner pointsare
right of , ”, which is inductively proved for all val-
uesof theparameterswithin theregion of the feature
spacedefinedby (21) – (25). This holdsbecausefor
the four smallerrectangleswith oneof 0 , d , f , h , and
� asoppositecorners,therule is alsoprovedaccord-
ing to thegenerationof the trainingset.Theparame-
ter threshold of CAL5 definesthemaximallyad-
missibleerror, whichhasbeensetto 1 - threshold
= 0.15 (seeabove). Looking at the table, it can be
seenthat this error is achieved for the datasetswith
200001pointsand400002points,respectively. More-
over, the error ratesfor the learningandtestsetsare
nearlyequalfor eachdataset indicatinga very good
generalization(i.e.nooverfitting).Thereis alargedif-
ferencein the

�
andnot

�
errorswhich is probably

causedby thecorrespondingdifferenceof thesizesof
the

�
andnot

�
regionsin the featurespace,which

leadsto differenta priori probabilitiesfor classes
�

andnot
�

. This effect canbecompensatedfor by us-
ing classdependentthreshold parameters[3, 4].
Themoregeneralproblembehindtheseobservations
is connectedwith the generationof training setsby
experimentation, whereasmostof the learningalgo-
rithmsthatconstructclassifiershave to use(although
in most casesthis is not explicitly stated)training
samplesgeneratedby a “stationaryand independent
source”,i.e. importantstatisticalpresuppositionsare

2In anotherseriesof experiments,we usedthe samedataasin
experiments1, 4, and6, but variedtheCAL5 parameters.Therun-
ningtimesfor thecreationof thedecisiontreevariedbetweenabout
8 minutesandnearly30 hoursfor thedatasetof experiment6 with
400002points.



Error/ 100002points 200001points 400002points

successrates Exp.1 Exp.2 Exp.3 Exp.4 Exp.5 Exp.6 Exp.7

Learning
�

Error for not
�

0.112418 0.0528502 0.0841435 0.0744714 0.0919416 0.0883434 0.052451

Error for
�

0.305488 0.39324 0.27957 0.170837 0.163193 0.209531 0.226188

Totalsuccessrate 0.827953 0.842773 0.855808 0.895923 0.886211 0.874571 0.893887

Testing
�

Error for not
�

0.111044 0.0559876 0.0895859 0.0786397 0.0950092 0.0969621 0.054815

Error for
�

0.320533 0.403439 0.302439 0.184405 0.181525 0.228476 0.236501

Totalsuccessrate 0.824804 0.839143 0.844963 0.888746 0.878411 0.862436 0.889136

Learning�
Error for not � 0.128785 0.137451 0.218854 0.147031 0.100431 0.104512 0.120771

Error for � 0.14392 0.223368 0.105405 0.113777 0.155403 0.12288 0.118886

Totalsuccessrate 0.863863 0.820934 0.836053 0.869081 0.873026 0.886627 0.880143

Testing�
Error for not � 0.137712 0.137042 0.22477 0.153294 0.108291 0.107885 0.124511

Error for � 0.153923 0.223654 0.114377 0.121935 0.165174 0.128441 0.125308

Totalsuccessrate 0.854503 0.821414 0.828853 0.861956 0.864176 0.882146 0.875103

Error for
� ��� 0.043103 0.123944 0.0270244 0.0291371 0.0511669 0.0330386 0.031969

Table1 Errorandsuccessratesfor a seriesof experimentswith CAL5

not strictly true in thecaseof learningby experimen-
tation.Thisproblemwill bea topicof futureresearch.

3 Conclusion

In this paperwe presentedfirst experimentalresults
on learningnumericalconstraintsand logical impli-
cationsin the spatialdomain.One of the main rea-
sonsfor conductingthis researchwastheassumption
thatdecidingwhethera givenobjectsatisfiesa setof
complicatednumericalconstraintsis computationally
easierandfasterwith a learneddecisionfunctioncon-
taining computationallysimple operations(as com-
paredwith manipulatingsetsof parameterizednumer-
ical (in)equations).In our first experimentswe used
decision trees, i.e. test operationshave to be per-
formed only. The price one hasto pay for this is a
relatively roughapproximationof classboundariesby
axis-parallelhyperplanes.Therefore,in the caseof
high dimensionalfeaturespaces(largenumberof pa-
rameters),large training setsare necessaryto get a
sufficientaccuracy.

In forthcoming work other algorithms for learning
classificationswill be applied, too, and sometheo-
retical investigationsconcerningthe convergenceto
the real boundariesin dependenceon the type of the
learning algorithm and its parameterswill be per-
formed.For examplepiecewiselinearclassifierscon-
structedby DIPOL [5] will achievebetterapproxima-
tions of classboundariesand thereforesmallererror
rates.

Finally, thetight relationto learningcontrolandgen-
eration of “imagery” (depictions)from the learned
conceptualstructurewill be considered.A more de-
taileddescriptionof theexperimentsandtheir results
canbefoundin [2].
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räumlicherInferenzendurchGraphenmit symbolischen
undnumerischenConstraints.In C. Umbach,M. Grab-
ski, andR. Hörnig, editors,Perspektivein Sprache und
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