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1 Introduction

Methods of inductive generalization on examples developed in classification (concept-) learning can be
applied to “prove” implications in predicate logic semantically, especially in the spatial domain, which
may — in the general case — consist of an n-dimensional feature space. The learned rules provide
knowledge of the type “region A is contained in region B” (or “every x € region A is € region B, t00”)
holding in the feature space defined by the parameters (variables) of the problem at hand. A special
case is the learning of a decision function A(z1,...,%,), which decides whether a vector x = (z1,...,%x)
belongs to the region where the predicate A is true. Seen from the logical point of view, this procedure
provides knowledge (rules and facts) which may establish the knowledge base of an inference machine,
which has ususally to be given by the human user a priori.

On the other hand, one gets a tool to solve (in general only approximately) constraint satisfaction
problems in the spatial domain, for example if a set of numerical constraints defines a complicated region
in the feature space for which it is not easy or even not possible to find analytical boundary descriptions
by some kind of formula manipulation system. The constraints in the example given below contain
inequations with trigonometric functions leading to computational difficulties well known in robotics.
Seen from the cognitive point of view, we claim that at least parts of human knowledge (facts and general
rules) are learned by experience using the type of inductive inference introduced in this paper.

Formally, it is to be proved whether the implication (hypothesis) Vxz(A(z) — B(z)) is true (as already
mentioned above, proving a single constraint is a special case). A and B are expressions in predicate
logic consisting of predicates describing numerical constraints. z is an n-dimensional vector of variables.
Le. the functions (truth-)value(A) and value(B) € {0,1} describe (in the general case disconnected) class
regions in R™ , in which the constraints A and B are satisfied or not satisfied, respectively. (L.e. these
functions are the membership functions of the A- and B-regions, respectively.)

If we wanted to prove the implication “semantically”, every valuation of x (by a real valued n-
dimensional vector) satisfying A has to be shown to satisfy B, too. Since such testing is not possible in
the complete domain of real numbers, we use inductive generalization, i.e. we generate a finite “training
set” of points (vectors) equally distributed over a region in R™ covering the A- and B-regions, respectively,
and compute the truth values of A(z) and B(z) for all z in the training set using the given numerical
constraints and the truth tables of logical functors occurring in A and B, respectively. Le. a finite “set-of-
support” for the functions value(A) and value(B) is generated. Now algorithms of classification learning
(e.g., decision tree learning or Perceptron) construct classifiers which — by inductive generalization —
decide the class membership of an arbitrarily chosen x (not necessarily contained in the training set) by
some kind of “interpolation”. This is done in general with some generalization error arising in our case
due to the unavoidable approximation of the boundaries between the A-region and the not_A-region (first
classification problem to be solved) and between the B-region and the not_B-region (second classification
problem), respectively. The generalization error can be measured using a test set of classified example
vectors different from the training set. Decision tree learners approximate the class boundaries piecewise



and linearly by axis-parallel hyperplanes, generalized Perceptrons by hyperplanes in general position. Now
the implication Vz(A(z) — B(z)) can be “decided” within the limits of approximation error by testing
whether every x taken from the test set and classified as belonging to the A-region (i.e. value(4)=1) also
belongs to the B-region (value(B)=1, too). This procedure has been successfully demonstrated by means
of an example problem taken from the area of spatial inference using the decision tree learner CAL5
(Miller and Wysotzki 1994; Miller and Wysotzki 1997), see below. It can be shown that by gradually
increasing the size of the training set together with increasing a certain parameter of CALS5, the accuracy
of the class boundary approximation can (theoretically) be made arbitrarily high. This is analogous to
the definition of real numbers in analysis by sequences of intervals of decreasing length. Of course, one
could try to apply simple statistical tests to “prove” the implication statistically, but we are interested
in explicit descriptions of class boundaries for reasons mentioned below. In Sect. 2 we demonstrate the
method by means of two examples for which we performed first experiments. Some aspects of cognitive
modelling are discussed in Sect. 3.

2 Examples

The following example is taken from constraint satisfaction problems arising in a new algorithm for spatial
inference (Wysotzki et al. 1997; Claus et al. 1998) developed within the framework of the DFG Priority
Program on “Spatial Cognition”. We explored the applicability of CAL5 for these problems by some
simple examples. The scenario was always the same: it has to be determined whether an object is right
of a person (indicated by a point S) or not. An object is right_of S iff every point of it is in the area
bounded by the first and second diagonal (see Fig. 1). For our experiments we define that an object is in
an “A-region” in the feature space defined by the parameters of the problem (see below), iff its corners
are right_of S. The object is in the “B-region” iff any point of it is right_of S. Without loss of generality
we used for the “B-region” only one fixed point of the object, the point in the middle of the object.

2.1 Experiments with a bar
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Figure 1: Bar right of S considering the case A, > 0 only. With this restric-
tion, in fact the relation
“right_or_behind” bounded by the first diagonal is
considered.)

With the abbreviation x = sin(#), the explicit boundary between the A-region and not_A-region can
be computed in this simple case and is given by x4 = fa(4A;) = A;/2+ /1/2 — A? /4, analogous for the
B-region x5 = fp(A;) = Ay £ 1/1/2 — AZ. We use it for comparison with the learned boundaries.

The two parameters § and A; span a region of the R?. We generated a finite “training set” of points
equally distributed over a subset 6 € [0, 7] and A; € [—0.5,2.0] of R? and computed the truth values of A
and B for each vector (8, A;) of the training set, respectively. (For these ranges, approximately 50% of the
data were in class A, and approximately 65 % of the data were in class B.) Then the training set was split
into a learning set and a test set for A and B, respectively. Now the decision tree learning algorithm CALS
constructed classifiers for the A-region and B-region with the parameters alfa = 0.25 and threshold =




0.85. The generalization error of both classifiers was measured. Finally we used the B-region classifier
to classify the A-region test set in order to “prove” the implication V8, A;(A(0, A;) — B(8,A;)).

theta

theta

4.5

35

2.5

15

0.5

-0.5

'A_boundary’ -
'A_set’ +
‘not_A_set’ o |

+
+*
.

e {Ml}p%

0.5 1

delta_|

(a) A-region is right of the computed boundary

theta

‘computed’ —— |
‘learned’

-0.5 0 0.

5 1 15 2 25

delta_|

(b) A-region is right of the learned boundary, 500
points

Figure 2: Computed boundary of the A-region and the learned boundary for 500 points
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(a) Learned boundary for 1000 points

Figure 3: Learned boundaries
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compared with computed boundary

Fig. 2(a) shows the A-region with computed boundary vs. not_A-region. Fig.2(b) shows a comparison
of the real (computed) boundary of the A-region with the learned one for a learning set of 500 points.
There is a relatively large classifying error of 6 %.

The error shrinks with an increasing number of points for learning. This effect is visible in Fig. 3.
The same holds for the B-region covering the A region (not shown in the figures). Furthermore the error
for classifying the A-region test set by the classifier of the B-region is near 0 %. This means we “proved”
the implication above inductively.



2.2 Experiments with a rectangle

In this section we consider the more complex problem of learning a function for deciding whether
a rectangle is located completely in the right_of region of an egocentric reference system with origin S
(Fig. 4). The right region is bounded by the diagonals y = x and y = —z.

Figure 4: Rectangle a — b — ¢ — d in the right —
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The corners of the rectangle are a, b, ¢, and d,
respectively, and the lengths of the sides are l,;, and
l,4, respectively. If we regard a-b as the base side of
the rectangle, 8 is the angle by which the rectangle
is rotated. AP and A?(;S’p ). the offsets in 2- and y-
direction from the origin S to a point p, respectively,
are the coordinates of p.

To check whether the rectangle a — b — ¢ — d is
in the right — region of S, we have to check that all
corners are within the region. This means the points
have to be below the line y = = and above the line
y = —z. The inequations for the different corners
are given below.
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Let m be the point in the middle of the rectangle. Then to prove that m is in the right — area of S,
we have to prove the following inequalities:
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We ran some experiments with 100002, 200001, and 400002 points, which were randomly generated
from a uniform distribution in the feature space defined by the parameters 8, AL Ags’a), lap, and loq.
The ranges for the parameters were

-0.5 < Al%9) <200 —20.0 < A{® <200 (21)
0.0 < Iy < 10.0 6 € [0,27] 0.0 < lag < 10.0 (22)

For these ranges, between 30 and 35% of the data were in class A, and between 44 and 51% were in class
B. Two thirds of the points were used for training, the last third was used for testing. We did not use
crossvalidation because of the large running times!. All experiments were run with the CAL5 parameters
alfa = 0.25 and threshold = 0.85. The results are shown in Tab. 1.

A is the region in the parameter (feature) space (defined by (in)equations (1) — (17)), in which the
relation right_of holds for a, b, ¢, and d simultaneously. B is the right_of S region for the middle point
m of the rectangle, defined by (in)equations (18) — (20). The last row of the table gives the error for the
learned implication “if the corners of a rectangle are right_of S, the the middle of the rectangle is right_of
S, too”. Note that this implies the rule “if the corners of a rectangle are right_of S, then all its inner
points are right_of S”, which is inductively proved for all values of the parameters within the region of
the feature space defined by (21) and (22). This holds because for the four smaller rectangles with one of
a, b, ¢, d, and m as opposite corners, the rule is also proved according to the generation of the training

Tn another series of experiments, we used the same data as in experiments 1, 4, and 6, but varied the CAL5 parameters.
The running times for the creation of the decision tree varied between about 8 minutes and nearly 30 hours for the data
set of experiment 6 with 400002 points.



Error/ 100002 points 200001 points 400002 points

success rates Exp. 1 Exp. 2 Exp. 3 Exp. 4 Exp. 5 Exp. 6 Exp. 7
Learning A

Error for not A 0.112418  0.052850 0.0841435 | 0.0744714 0.0919416 | 0.0883434 0.052451
Error for A 0.305488  0.39324  0.27957 0.170837  0.163193 | 0.209531  0.226188

Total success rate | 0.827953  0.842773 0.855808 | 0.895923  0.886211 | 0.874571  0.893887

Testing A
Error for not A 0.111044  0.055987 0.0895859 | 0.0786397 0.0950092 | 0.0969621 0.054815
Error for A 0.320533  0.403439 0.302439 | 0.184405  0.181525 | 0.228476  0.236501

Total success rate | 0.824804  0.839143 0.844963 | 0.888746  0.878411 | 0.862436  0.889136

Learning B
Error for not B 0.128785  0.137451 0.218854 | 0.147031  0.100431 | 0.104512  0.120771
Error for B 0.14392 0.223368 0.105405 | 0.113777  0.155403 | 0.12288 0.118886

Total success rate | 0.863863  0.820934 0.836053 | 0.869081  0.873026 | 0.886627  0.880143

Testing B
Error for not B 0.137712  0.137042 0.22477 0.153294  0.108291 | 0.107885  0.124511
Error for B 0.153923  0.223654 0.114377 | 0.121935  0.165174 | 0.128441  0.125308

Total success rate | 0.854503  0.821414 0.828853 | 0.861956  0.864176 | 0.882146  0.875103

Error for A — B | 0.0431034 0.123944 0.0270244 | 0.0291371 0.0511669 | 0.0330386 0.031969

Table 1: Error and success rates for a series of experiments with CALS

set. The parameter threshold of CALS5 defines the maximally admissible error, which has been set to
1 - threshold = 0.15 (see above). Looking at the table, it can be seen that this error is achieved for the
data sets with 200001 points and 400002 points, respectively. Moreover, the error rates for the learning
and test sets are nearly equal for each data set indicating a very good generalization (i.e. no overfitting).
There is a large difference in the A and not_A errors which is probably caused by the corresponding
difference of the sizes of the A and not_A regions in the feature space, which leads to different a priori
probabilities for classes A and not A. This effect can be compensated for by using class dependent
threshold parameters (Miller and Wysotzki 1994; Miiller and Wysotzki 1997). The more general
problem behind these observations is connected with the generation of training sets by ezperimentation,
whereas most of the learning algorithms that construct classifiers have to use (although in most cases
this is not explicitly stated) training samples generated by a “stationary and independent source”, i.e.
important statistical presuppositions are not strictly true in the case of learning by experimentation.
This problem will be a topic of future research.

3 Cognitive Aspects

In Sect. 2 we mentioned the ability of the concept learning algorithm CALS5 to decide for a class k using a
class dependent threshold thresholdy. Le. a decision for class k is made in an interval I if the probability
p(k/I) exceeds threshold,. (This probability is estimated on a user defined confidence level 1 — a by
means of the relative class frequency in I.) Low threshold, for some class k means that the learning
algorithm is “more sensitive” with respect to this class or “pays more attention” to it. Since it can be



shown (Miiller and Wysotzki 1994; Unger and Wysotzki 1981) that
thresholdy = const/C}
where C, is the cost for not recognizing class &, the algorithm tries to detect the ”important” classes
(i.e. those with low thresholds) more carefully in order not to overlook one of them. In general this leads

to a higher mean error for important classes but to lower costs of misclassification.
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Figure 5: Comparison of boundaries for different thresholds
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We performed experiments with the bar and
considered not_A to be the important class
which must not be overlooked. For demonstra-
tion purposes we set the treshold for not_A to
the very low value of 0.65. Fig. 5 shows that the
system tries to establish A-regions with small er-
rors (i.e. if a point is classified as A, it is indeed
in A) allowing higher errors (but lower costs of
misclassifications) for the not_A regions. While
the overall errors are large for this small num-
ber of objects, it is obvious that the computed
boundaries move to the right, i.e. the probabil-
ity of erroneously deciding for A when a point
is in not_A is reduced.

Another cognitive aspect connected with our ex-
periments is skill learning if we got the training
samples for our learning problem from generat-
ing trajectories along which the objects (bar or
rectangle in our case) move. Imagine for exam-
ple a rat getting a negative reinforcement (e.g. a
painful electric shock) if it runs into the not_A-
region. That is it will learn by trial-error a



decision function for A/not_A-discrimination, i.e. implicitly the boundary between the classes — without
constructing an analytical description in its head! The not_A-region will then be detected more carefully
(for example by sensory features if there are any or by using a memory for orientations and positions of
the rat) in order to avoid it. High cost means pain in this case. Another (more complicated) example is
the learning of obstacle avoidance by a child or robot. Thus we can easily extend our examples discussed
in Sect. 2 to prototypical cases of skill acquisition where learning takes place in the so-called configuration
(motor-) space into which the original 2- or 3d-space is transformed. Finally let us note that in organismic
information processing only approximations of class boundaries can be computed as in our case, i.e. some
“fuzziness” is unavoidable.

4 Conclusion

In this paper we presented first experimental results on learning numerical constraints and logical impli-
cations in the spatial domain. One of the main reasons for conducting this research was the assumption
that deciding whether a given object satisfies a set of complicated numerical constraints is computation-
ally easier and faster with a learned decision function containing computationally simple operations (as
compared with manipulating sets of parameterized numerical (in)equations). In our first experiments we
used decision trees, i.e. test operations have to be performed only. The price one has to pay for this is
a relatively rough approximation of class boundaries by axis-parallel hyperplanes. Therefore, in the case
of high dimensional feature spaces (large number of parameters), large training sets are necessary to get
a sufficient accuracy.

In forthcoming work other algorithms for learning classifications will be applied, too, and some the-
oretical investigations concerning the convergence to the real boundaries in dependence on the type of
the learning algorithm and its parameters will be performed. For example piecewise linear classifiers
constructed by DIPOL (Schulmeister and Wysotzki 1997) will achieve better approximations of class
boundaries and therefore smaller error rates.

Finally, the tight relation to learning control and generation of “imagery” (depictions) from the learned
conceptual structure will be considered. A more detailed description of the experiments and their results
can be found in Geibel et al. (1998).
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