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Abstract

The paperrepresentdirst resultson solving constaint
nets consistingof equationsand inequationscontaining
trigonometric functions by methodsof Machine Learn-
ing. Constaints of this type occur for examplein plan-
ning movement®f a mobileroboton a symboliclevelin a
workspacewvhele obstaclesor other “dangerousregions”
haveto be avoided. Anotherapplication area is the au-
tomatic genemtion of layoutsand diagramsfrom textual
input. Learning proceedsby “active” exploration of the
workspaceby genemting training data classifiedby con-
straint satisfactionvs. non satisfaction. Resultsobtained
with both decisiontreelearning and a neuional netof the
Perceptiontypedemonstategoodapproximationandgen-
eralization propertiesdependingon the numberof con-
straintsandtraining data.

1 Intr oductiont

In theAl-researchonroboticsduringtheseventiesthere
weretwo mainlines: 1. planningof global optimal action
sequencesn a symbolic (relational)level and 2. the de-
velopmentof “higher level languages’for instruction of
robot movementinsteadof point-to-point-teaching.The
problemwith 1. wasthatin orderto getexecutableplans
the semanticof the symbolic (e.g. predicatelogic) de-
scriptionsin theworkspaceof therobothadto beprovided,
andwith 2., wherethe semanticof relationswasdefined
by therelative positionsandorientationsof the objectsin-
volved, that complicatedconstraintsatistction problems
arose(cf. [1, 6]). Sincerelative positionsandorientations
are definedby homogeneousgransformationgmatrices),
the semanticof relationsincludesthe satistctionof con-
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straintsconsistingof equationsandinequationsvhich con-
tain trigonometricfunctions. Additional problemsarisein
thepresencef obstacle®r dangerousegionswhich must
be avoided and their transformationin the configuration
(motor) spaceof therobot. Thereareno generahnalytical
methoddo solve setsof constraint®f thiskind. Numerical
solutionswould be adaptedto specialenvironments(e.qg.
specialassemblyor navigation tasks)only and are there-
fore of no generainterestevenif real-timesolutionswere
possible. Despitetheseproblemsit would be desirableto
programrobotson a symbolictextual level. For instance,
onecouldinstructamobilerobotmovingin aroomby*“ Go
to the cupboardthe cupboards right of you”. Thiswould
roughly constrainthe searchfor the cupboardwhich can
thenbe identifiedaccuratelyby the sensorysystemof the
robot. If we haveasetor chainof instructionor evenatext
describinga more complex scenario higherlevel “cogni-
tive skills” like spatialreasoningo infer relationsnot ex-
plicity mentionedvould benecessaryAs amainproblem
thereremainsconstraintsatisictionof thekind mentioned
above.

In this papemwe describenow methodsf concepiclas-
sification)learningcanbe usedto solve constrainsatishc-
tion problemsin the spatialdomain,for exampleif a set
of numericalconstraintsdefinesa complicatedregion in
the physicalor feature(configuration)space.In this case
it is in generalnot easyor even not possibleto find ex-
plicit boundarydescriptiondy somekind of formulama-
nipulation system. Formally, the taskis learninga deci-
sionfunction A(z1, . .., z,) which decidesvhetheravec-
torx = (x1,...,z,) of the configurationspacebelongs
to a region wherethe predicateA is true, i.e. the corre-
spondingconstraintsare satisfied. In the examplesgiven
below, the constraintsonsistof equationsandinequations
containingtrigonometricfunctionswhichleadto computa-
tional difficultieswell known in robotics[1, 6]. Seenfrom
the cognitive point of view, our claim is thatat leastparts
of humanknowledge(factsandgeneralrules)arelearned
by experienceanddirectedexplorationusingthetypeof in-



ductive inferenceintroducedin this paper Learningrules
(logical implications) of the form Vz(A(x1,...,2,) —
B(z,...,z,)) isthemoregenerakasewhichcanbehan-
dledby our methodtoo (seeSect.2.1).

In thefollowing we identify a region wherea constraint
A is satisfiedwith a class(concept)A. Now algorithms
of classificationlearning (e.g., decisiontree learning or
NeuronalNets)by meansof a training setconstructclas-
sifierswhich — by inductive generalization— decidethe
classmembershipof an arbitrarily chosenz (not neces-
sarily containedn the training set). This decisionis very
fastcomparedo usingthe systemof (in)equationgor di-
rectcomputatorof the classmembershi@ndthereforees-
pecially suitedfor on-line tasks. Usually, thereis a gen-
eralizationerror dueto the unavoidableapproximationof
theboundariebetweerthe A-regionandthenot A-region.
Thegeneralizatiorerrorcanbemeasuredsingatestsetof
classifiedexamplevectorsdifferentfrom the training set.
Decision tree learnersapproximatethe classboundaries
piecavise linearly by axis-parallelhyperplanesgeneral-
izedPerceptrondy hyperplane@ generaposition.In the
caseof rule learning,the implicationVz(A(z) — B(z))
can be “decided” within the limits of approximationer
ror by testingwhetherevery z taken from the testsetand
classifiedasbelongingto the A-region alsobelongsto the
B-region. This procedurewill be demonstratethy means
of an exampleproblemtakenfrom the areaof spatialrea-
soningusingthe decisiontree learnerCal5 [3, 4] andthe
neuronaketDipol [5] to learnthe semanticof spatialre-
lationslik e right or in front In our casethetraining setis
notgivenby a“teacher’but mustbe constructedppropri-
ately by exploiting the given constmint description. This
is what we will call “learning by exploration” or “active
learning”. Someaspectf cognitive modelling of explo-
ration underrisk, i.e. if thereare forbiddenregions (for
examplein physical spaceor in the configurationspace
describinga processwhich mustnot be entered aredis-
cussedn Sect.2.2. Furthermorewe have usedthelearned
decisiontreesto generatedepictionsfor sceneslescribed
by a setof relations.This methodis describedn Sect.3.3.

2 Learning Spatial Relationswith Cal5 and
Dipol

The following examplesare taken from constraintsat-
isfaction problemsarisingin a new algorithmfor spatial
inference2].

2.1 Rulelearning, experimentswith a bar

In thefirst example,it hasto be determinedvhethera
baris right of a personor robot (indicatedby a point S).
An objectis right of S iff every point of it is in the area
boundedoy the first andseconddiagonal(seeFig. 1). We
definethatabaris in the“ A-region” in thefeature(config-
uration) spacedefinedby the parameter®f the problem,
iff its cornersareright of S. Thebaris in the “ B-region”
iff ary point of it is right of S. Without lossof generality
we usedfor the” B-region” only the centreof thebar.
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Figurel: Barright of S

Let A, andA, bethecoordinateof endpointa in the
S-coordinate-systemandA; = (A, — Ay) /g, lop being
thelengthof thebar Thenthe A-regionis determinedy

A > 0 and

A; > sinf — cosé
andthe B-region by
A; > (sinf —cosb)/2

In order to get a mappinginto a 2-dimensionalfeature
spacedefinedby A; and § so that we can depict the
classboundaries,we simplified the problemby consid-
ering the caseA, > 0 only. With this restriction, in

facttherelation“right or behind” boundedby thefirst di-

agonalis considered. With the abbreviation z = sin#,

the boundarybetweerthe A-region andnot_A-region can
be computedin this simple caseandis givenby z4 =

Ay/2 £ /1/2 — A} /4, analogoudor the B-regionz g =

Ay £ +/1/2—AZ. We useit for comparisonwith the
learnedboundaries

Thetwo parameter$ andA,; spanaregion of the R2.

We generatedinite training andtestsetsof pointsequally
distributedover asubset® € [0,7] andA; € [-0.5,2.0]

of R? andcomputedhetruth valuesof A andB for each
vector(6, A;) of thetrainingandtestset,respectiely. The
decisiontree learningalgorithm Cal5 constructecclassi-
fiersfor the A-region and B-region usingthetraining sets
with athresholdt = 0.85, i.e. amaximumdecisionerror
of 15% was allowed for eachclass(t is aninput param-
eter of Cal5 to be specifiedby the user; for using class
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Figure2: Learnedvs. computedboundaries

dependenthresholdvalues, see Sect.2.2). The gener
alization error of both classifierswas measuredvith the
testsets. Finally we usedthe B-region classifierto clas-
sify the A-regiontestsetin orderto checktheimplication
Voa AI(A(ea Al) - B(oa Al))

Fig. 2(a) shavs the A-region with computedboundary
vs. thenot_A-region. In Fig.2(b)the solid real(computed)
boundaryof the A-region is comparedwith the dashed
learnedboundaryfor a training setof 1000points. There
is a relatively large classificationerror. In Fig. 2(c) it can
be seenthattheerrorshrinkswith anincreasinghumberof
pointsfor learning. The sameholdsfor the B-region cov-
eringthe A region (notshown in thefigures).Furthermore
theerrorfor classifyingthe A-regiontestsetby theclassi-
fier of the B-regionwasnear0%. Thismeansve “proved”
theimplicationaboveinductively.

2.2 Exploration under risk

One featureof the conceptlearningalgorithm Cal5 is
the ability to decidefor a classk usinga classdependent
thresholdt;,. Low t; for someclassk meanghatthelearn-
ing algorithmis “more sensitve” with respecto this class
or “paysmoreattention”to it. Sinceit canbe shawvn that

tr ~ consf Cy,
whereCy, is the costfor not recognizingclassk, the algo-
rithm tries to detectthe “important” or dangerouslasses
(i.e. thosewith low thresholds)morecarefullyin ordernot
to overlook one of them. In generalthis leadsto a higher
meanerrorfor importantclassedut to lower costsof mis-
classification.

We performedexperimentswith the barandconsidered
not A to be the importantclasswhich mustnot be over-
looked. For demonstratiorpurposeswve setthe threshold
for not A4 to the very low value of 0.65. Fig. 2(b) and
Fig. 2(c) shov that the systemtries to establishthe A-
region with a small error (i.e. if a pointis classifiedas
A, it isindeedin A) allowing a highererrorfor the not A
region.

While the overall errorsarelargefor this smallnumber
of trainingdata,it is obviousthatthecomputedoundaries
changesothatthe probability of erroneouslydecidingfor
A whenapointis in not A is reduced.

Another cognitive aspectconnectedwith our experi-
mentsis skill learningif we got the training samplesfor
our learning problem from generatingtrajectoriesalong
whichthe objectsmove. Imaginefor examplearat getting
a negative reinforcemenie.g. a painful electric shock)if
it runsinto the not A-region. Thenit will learnby trial
and error and negative reinforcementa decisionfunction
for A/not A-discrimination,i.e. implicitly the boundary
betweertheclassegwithout constructingananalyticalde-
scriptionin its head!). The not.A-region will thenbe de-
tectedmore carefully (for exampleby sensoryfeaturesif
thereareary or by usinga memoryfor orientationsand
positionsof therat) in orderto avoid it. High costmeans
painin this case. Anotherexampleis the learningof ob-



stacleavoidanceby a child or robot. Thuswe caneasily
extend our examplediscussedbove to prototypicalcases
of skill acquisitionwherelearningtakesplacein the con-
figuration(motor) spacento whichthe original 2- or 3D-
spacetogetherwith the obstacleds transformed.Finally
let usnotethatin organismicinformationprocessingnly
approximation®f classboundariecanbe computedasin
our case,i.e. some“fuzziness”is unavoidable. Learning
fuzzy relationswill beataskof futureresearch.

The resultsfor increasingtraining setsshow that the
decisionregion for not A shrinkswith increasingraining
sets,i.e. the consequencegf high risk canbe — to some
extent— compensatetly moreexperience.

In a studentgroject,we comparedCal5andDipol [5],
a hybrid (statistical/neuralalgorithmthat computesfor a
giventraining setandgiven numbersof clustersfor every
class thediscriminatinghyperplanegor eachpair of clus-
ters belongingto different classes. (Dipol automatically
decomposesgachclassinto a setof clusterswhosenum-
beris an input parameter). We appliedthe programsto
themorecomplicatectaseof two rectangleswherewe get
the additionalconstrainthatthe objectsmustnot overlap.
SomeresultsusingDipol aredescribedelow.

2.3 Learning “right”
Dipol

for two rectanglesusing

Therelationwasquite simple: onerectangleB is right
of anotherrectangleA iff it is in the region boundedby
the diagonalsstartingfrom the two right cornersof A (see
Fig. 3). The configuration(feature-)spacehasseven di-
mensions. In our problemdomain (objectslocatedin a
room),we assumehatwe know therangedor the dimen-
sionsof objectsandthemaximumdistancebetweerthem.
We alsoassumehatthe sizesof objectsarenot distributed
uniformly, i.e. therearemoreobjectsof mediumsizethan
very large or very smallobjects.Equally, the distanceval-
ueswill mostlyfall into themediumrange.To capturethis
backgrouncknowledge,we have given preferredintervals
for the values,wherethe densityof pointsis higherthan
in therestof theintenals. For amoredetaileddescription
comparg?7].

This “natural” distribution of data(called REF in the
following) was comparedwith an approachwhere only
datanearthe borderbetweenhe two classeg“critical re-
gion”) wereused. Using that method(called EPS),only
thosevectorswere consideredwherechangingonevalue
by € or —e changedthe class. Comparingthesetrain-
ing sets, the classificationerrorson a test set (100 000
pointsdistributedaccordingto REF) weremuchlargerfor
the classifierslearnedfrom a REF training setthan from
an EPStraining set. This meansthat an extremely good
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Figure3: Possiblerelationright for two rectangles

Data | # Clusters train test
gen. | A | notA € error | error
1000pointsfor training
REF | 50 50 /| 0.50% | 6.64%
EPS | 50 50| 1.5| 1.20% | 3.24%
2500pointsfor training
REF | 50 50 /] 1.36% | 5.20%
EPS | 50 50| 1.5| 5.28% | 2.66%
25000pointsfor training
REF | 50 50 /| 3.04% | 3.75%
EPS | 50 50| 1.5| 8.10% | 1.93%

Tablel: Resultsfor theright relationfor rectangles

generalizatiorwas obtainedwith EPS,i.e. by learningin
thecritical region only. Somesampleerrorsareshavn in
Tah 1. The highererrorson the training sampledor the
EPSmethodresultfrom thefactthatonly trainingdatanear
theboundaryareused.

3 Foundations for Instruction Chains and
Automatic Planning

For ary application,to considerrelationalpropositions
asisolatedentitiesis insufficient. To be ableto build a
visualizationor to navigateaccordingto a textual instruc-
tion, we have to integratethe propositionsand their cor-
respondingconstraintsinto a (conceptualyepresentation
of thewhole scene.In our approactthis “mental model”
consistof alabelledgraph ,wherenodesrepresenbbjects
anddirectedarcsdenoterelationsbetweerthe nodes.For
eachobjectwe have constraintson the shapeand exten-
sions,for eacharcwe have the constraintdor therelative
positionsandorientationgepresentethy atransformation
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matrix (homogeneousransformationgf. [1]). Our prob-
lem domainis the descriptionof objectsin a room. This
backgroundnowledgeis incorporatedn themodel.

As arunningexamplefor this sectionconsidetthe very
muchsimplified 2D problemwhereobjectsare definedas
in Fig. 4(a),wheretheshapeandtheminimalandmaximal
sizesof objectsareshavn. Personsfridges,andcupboards
have intrinsic front andright sideg, while the orientation
of the lamp’s coordinatesystemis arbitrary Theonly de-
finedrelationsarethosefor thefour basicdirectionswhere
thecentemointsof thelocatedobjectmustbeonthecorre-
spondingaxisin the coordinatesystemof therelatum.For
theadditionalrelationat wall, thedefaultis to placeanob-
jectdirectly againstthe wall, but inferenceof the relation
is alsopossiblewhenthe distancds smallerthan0.5. The
defaultorientationfor objectsstandingatthewall is to ori-
enttheir front sides(if they have anintrinsic front) away
from it. The coordinatesystemfor the walls are chosen
suchthat the y-axes are orientedcounterclockwiselong
the walls, while the positive z-axes always point outside
theroom (seeFig. 4(b)).

Supposeve aregiventhe propositions
(2) right(S,C)(“CupboardC standsight of StefanieS.")
(2) at_wall(W1,C)(“Cupboardstandsatthewall W1."), (1)
and(2) arethelinearizationof “The cupboardstandsatthe
wall to theright of Stefanie’

(3) front(S,F)(“Fridge F' standsgn front of Stefanie’)
(4) atwall(W2,F) (“The fridge standsat the wall W2."),

2The questiorof handednesis left outin this example.

(3) and(4) arethelinearizationof “The fridge standsatthe
wall in front of Stefanie” Thuswe know thatiW'1 # W2.
(5) left(FL) (“The lamp L standdeft of thefridge.)

(6) right(C,L) (“The lampstandsight of thecupboard)

3.1 Integrating Spatial Propositions

From the given spatialpropositions the mentalmodel
(graph)is built up incrementally(seeFig. 5). Initially,
the graph containsonly nodesfor the room andits four
walls. For the first proposition,two new nodesare cre-
ated.Thebackgroundcknowledgethatall objectsarein the
roomconstrainghe positionsof both Stefanieandthe cup-
board.Whentherelationright(S,C)is addedto the graph,
the correspondingconstraintsare propagatedand ensure
that Stefanie keepsaway from the right wall by the size
of the cupboardwhich corverselycannotstandat the left
wall. With the secondproposition,only the constraintdor
the cupboards position have to be updated.On the other
hand,the propositionfront(S,F)restrictsthe positionsof
the fridge in both directions(becausestefinie can't be at
theright wall, thefridge cant either andfrom therelation
it cannotbeatthewall behindStefanie),andalsothepossi-
ble positionsof Stefanieandthe cupboard Proposition(5)
implicitly assertgbecausef theobjectsizes)hatthelamp
muststandatthefront wall, andproposition(6) placest at
theexactpositionwheretheleft/right axis of the cupboard
meetgtheleft/right axisof thefridge.

3.2 Inferenceof Spatial Relations

Due to constraintpropagation,the relations between
ary two objectswithin theroomareimplicitly represented
in thegraphwith its constraintsinferring arelationsenes
to make this relationexplicit. This involvesfinding a path
in the graph—whichis alwayspossible becausehe graph
is connected-, multiplying the transformationmatrices
alongthis path, and then checking,for every definedre-
lation, whetherthe computedransformatiommatrix satis-
fiesits constraints.Dependingon the definedrelations, it
may be impossibleto find sucha relation. For instance,
in Fig. 5, if the fridge can have a depthlarger than 0.5
plusthe minimal lamp size,we cannotinfer thatthe lamp
standsat the front wall, evenif we know thatits distance
from the wall is exactly the depthof F minusits radius.
That means,we know the relation betweenthe wall and
the lamp, but cannotverbalizeit. Therefore,in contrast
to qualitatve reasoningwhere not-being-able-to-infee-
relationis equivalentto not knowing their relative posi-
tions, in our approactthe inferenceis still useful. For ex-
ample,if we infer all positionsof objectswith respecto
the room coordinatesystem,we cangeneratea depiction
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for thesceneln the next sectionanindirectapproachus-
ing not (only) the computedconstraintsput thoselearned
for therelations,is described.

3.3 Generating Depictions

Onemajor challengeis the generatiorof visualizations
for agivensetof relations.We have implementedcanalgo-
rithm basednthe Cal5decisiontrees.This meanghatfor
every relation (in this caseright/front/left/behindwith the
areasshown in Fig. 3, andat wall asabove), andfor ev-
ery pair of objecttypes(cuboidor cylinder), the relations
have to be learned. The resultingdecisiontreesare then
“pruned”, i.e. for eachleafin thetreecorrespondindo a
regionin theparametespacewheretherelationholds,the
admissiblentervalsfor everyparameteareextracted.This
considerablyreducesthe storagespacenecessaryor the
trees.Eachregionis assignedweightrelative to thenum-
berof trainingpointsatthatleaf. In thealgorithmsketched
below, theseregionsare usedto generatedepictions. All
definedrelationsarebinary. Thus,if oneof theobjectsin a
relationis alreadyplacedin theroom,we canpick aleaf of
thetreeandcomputethesize,relative positionandrelative
orientationof the secondobjectby assigningvaluesto the

remainingvariables.

Sincethedecisiontreesonly representhe generalcon-
straintsfor two objectsof the specifiedforms, we have to
includeadditionalconstraintsfor the depiction: objectde-
scriptionsmayrestrictthe extensionf objects,duringthe
inferenceprocesswe may have narroved the admissible
regionsfor anobject,andmostof all we have to checkthat
the objectis still within theroomanddoesnt overlapary
otherobject.

Thealgorithmworkswithout backtracking As we can-
notguarante¢hatevery scengproduceccanbeaugmented
in sucha way thatthe next relation(s)alsohold, we work
onaspecifiedhumberv of objectconstellationsn parallel.
For every new relation,thevectorcontainingthe positions,
extensions,and orientationsof objectsmust be updated.
In this step,we try up to & timesto find a leaf suchthat
the new object(s)can be placedwithin the room without
overlappingotherobjects.In thecasethatboth objectsare
alreadypositionedwe only have to testwhetherthereis a
leaf consistentvith therelative positionalreadygenerated.

Generating visualization algorithm:
INPUT: numberv of initial vectorsandnumberk of trials
relationsr thathave to hold
file containingobjectdescriptions
OUTPUT: upto v scenesvhereall relationsr hold
ALGORITHM:
For eachrelationr:
— Identify objectsandobjecttypes
— Find correspondingrunedtree
— For eachvectorv:
if bothobjectsplacedthen checkwhetherrelationholds
else
— if bothobjectsnew then placefirst randomlyin room
— Pick area(randomaccordingto weightof leaf)
— Assignvaluesto variableswithin intervals®
— Checknonoverlappingwith otherobjects
— repeatupto k timesif checkfails
— if nosuccesshen dropvectorv
Generatealepictionsfor remainingvectors

4 Conclusions

We have presente@napproacho spatialinferencewith
transformationmatricesand constraints.While the infer-
enceof spatialrelationsis morecomplex andlessefficient
thanin the caseof qualitative reasoningwe can express

3The intenals are the intersectionbetweernthe informationfrom the
decisiontreeandthe specificconstraintgor the objectextensionsand/or
rotations
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morecomplicatedelations.For problemdomainswherea
numericalrepresentatiois necessaryasfor generatingsi-
sualizations,our approachis more natural. The inherent
problemof checkingnonlinearsymbolic constraintscan
oftenbe avoidedby the applicationof backgroundknowl-
edgeandby defaultrules.

For the generationof depictions,we have describeda
ML basedalgorithmthat usesdecisiontreesfor the rela-
tions. Several scenesare augmentedn parallelwith the
next relation. Preferrecbbjectsizesor positionscanbeim-
plicitly providedby generatingnoretrainingdatafor those
values.
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