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Abstract

Thepaperrepresentsfirst resultson solvingconstraint
nets consistingof equationsand inequationscontaining
trigonometric functions by methodsof Machine Learn-
ing. Constraints of this type occur for examplein plan-
ning movementsof a mobileroboton a symboliclevel in a
workspacewhere obstaclesor other “dangerousregions”
haveto be avoided. Anotherapplication area is the au-
tomatic generation of layoutsand diagramsfrom textual
input. Learning proceedsby “active” exploration of the
workspaceby generating training data classifiedby con-
straint satisfactionvs. non satisfaction.Resultsobtained
with bothdecisiontreelearninganda neuronal netof the
Perceptrontypedemonstrategoodapproximationandgen-
eralization propertiesdependingon the numberof con-
straintsandtrainingdata.

1 Intr oduction1

In theAI-researchonroboticsduringtheseventiesthere
weretwo main lines: 1. planningof globaloptimalaction
sequenceson a symbolic(relational)level and2. the de-
velopmentof “higher level languages”for instructionof
robot movementinsteadof point-to-point-teaching.The
problemwith 1. wasthat in orderto getexecutableplans
the semanticsof the symbolic (e.g. predicatelogic) de-
scriptionsin theworkspaceof therobothadto beprovided,
andwith 2., wherethesemanticsof relationswasdefined
by therelative positionsandorientationsof theobjectsin-
volved, that complicatedconstraintsatisfaction problems
arose(cf. [1, 6]). Sincerelative positionsandorientations
are definedby homogeneoustransformations(matrices),
thesemanticsof relationsincludesthesatisfactionof con-

1This researchwas supportedby the DeutscheForschungsgemein-
schaft (DFG) in the project “Modelling Inferencesin Mental Models”
(Wy 20/2–1,Wy 20/2–2)within thepriority programonspatialcognition
(“Raumkognition”).

straintsconsistingof equationsandinequationswhichcon-
tain trigonometricfunctions.Additional problemsarisein
thepresenceof obstaclesor dangerousregionswhichmust
be avoided and their transformationin the configuration
(motor-) spaceof therobot.Therearenogeneralanalytical
methodsto solvesetsof constraintsof thiskind. Numerical
solutionswould be adaptedto specialenvironments(e.g.
specialassemblyor navigation tasks)only andare there-
fore of no generalinterestevenif real-timesolutionswere
possible.Despitetheseproblemsit would be desirableto
programrobotson a symbolictextual level. For instance,
onecouldinstructamobilerobotmoving in aroomby “ Go
to thecupboard,thecupboardis right of you”. Thiswould
roughly constrainthe searchfor the cupboard,which can
thenbe identifiedaccuratelyby thesensorysystemof the
robot.If wehaveasetor chainof instructionsor evenatext
describinga morecomplex scenario,higher level “cogni-
tive skills” like spatialreasoningto infer relationsnot ex-
plicitly mentionedwouldbenecessary. As amainproblem
thereremainsconstraintsatisfactionof thekind mentioned
above.

In thispaperwedescribehow methodsof concept(clas-
sification)learningcanbeusedto solveconstraintsatisfac-
tion problemsin the spatialdomain,for exampleif a set
of numericalconstraintsdefinesa complicatedregion in
the physicalor feature(configuration)space.In this case
it is in generalnot easyor even not possibleto find ex-
plicit boundarydescriptionsby somekind of formulama-
nipulation system. Formally, the task is learninga deci-
sionfunction
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of the configurationspacebelongs
to a region wherethe predicate

�
is true, i.e. the corre-

spondingconstraintsaresatisfied. In the examplesgiven
below, theconstraintsconsistof equationsandinequations
containingtrigonometricfunctionswhichleadto computa-
tionaldifficultieswell known in robotics[1, 6]. Seenfrom
thecognitive point of view, our claim is thatat leastparts
of humanknowledge(factsandgeneralrules)arelearned
byexperienceanddirectedexplorationusingthetypeof in-



ductive inferenceintroducedin this paper. Learningrules
(logical implications)of the form � �������������
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is themoregeneralcasewhichcanbehan-
dledby ourmethod,too (seeSect.2.1).

In thefollowing we identify a regionwhereaconstraint�
is satisfiedwith a class(concept)

�
. Now algorithms

of classificationlearning (e.g., decisiontree learning or
NeuronalNets)by meansof a training setconstructclas-
sifierswhich — by inductive generalization— decidethe
classmembershipof an arbitrarily chosen

�
(not neces-

sarily containedin the trainingset). This decisionis very
fastcomparedto usingthesystemof (in)equationsfor di-
rectcomputatonof theclassmembershipandthereforees-
pecially suitedfor on-line tasks. Usually, thereis a gen-
eralizationerror dueto the unavoidableapproximationof
theboundariesbetweenthe

�
-regionandthenot

�
-region.

Thegeneralizationerrorcanbemeasuredusingatestsetof
classifiedexamplevectorsdifferent from the training set.
Decision tree learnersapproximatethe classboundaries
piecewise linearly by axis-parallelhyperplanes,general-
izedPerceptronsby hyperplanesin generalposition.In the
caseof rule learning,the implication � ����������� � � ���!���
can be “decided” within the limits of approximationer-
ror by testingwhetherevery

�
taken from the testsetand

classifiedasbelongingto the
�

-region alsobelongsto the�
-region. This procedurewill bedemonstratedby means

of anexampleproblemtakenfrom theareaof spatialrea-
soningusingthe decisiontreelearnerCal5 [3, 4] andthe
neuronalnetDipol [5] to learnthesemanticsof spatialre-
lationslike right or in front. In our casethetrainingsetis
notgivenby a“teacher”but mustbeconstructedappropri-
ately by exploiting the givenconstraint description. This
is what we will call “learning by exploration” or “active
learning”. Someaspectsof cognitive modellingof explo-
ration underrisk, i.e. if thereare forbiddenregions (for
example in physicalspaceor in the configurationspace
describinga process)which mustnot be entered,aredis-
cussedin Sect.2.2.Furthermore,wehaveusedthelearned
decisiontreesto generatedepictionsfor scenesdescribed
by asetof relations.Thismethodis describedin Sect.3.3.

2 Learning Spatial Relationswith Cal5 and
Dipol

The following examplesaretaken from constraintsat-
isfaction problemsarising in a new algorithm for spatial
inference[2].

2.1 Rule learning, experimentswith a bar

In the first example,it hasto be determinedwhethera
bar is right of a personor robot (indicatedby a point " ).
An object is right of " if f every point of it is in the area
boundedby thefirst andseconddiagonal(seeFig. 1). We
definethatabaris in the“

�
-region” in thefeature(config-

uration)spacedefinedby the parametersof the problem,
if f its cornersareright of " . Thebar is in the “

�
-region”

if f any point of it is right of " . Without lossof generality
weusedfor the“

�
-region” only thecentreof thebar.
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Figure1: Bar right of "
Let # $ and # % bethecoordinatesof endpoint & in the

" -coordinate-system,and #�' �(� # $*)+#�% �-,/.�0�1 , .�0�1 being
thelengthof thebar. Thenthe

�
-region is determinedby

# '32 4 and

# '32 5
687:9 )<;�= 5�9
andthe

�
-regionby

# '32 � 5
6>7?9 )<;�= 5@9 �-,�A
In order to get a mappinginto a 2-dimensionalfeature
spacedefined by #�' and 9 so that we can depict the
classboundaries,we simplified the problem by consid-
ering the case # % 2B4 only. With this restriction, in
fact the relation“right or behind”boundedby thefirst di-
agonalis considered. With the abbreviation

�C� 5
6>7?9 ,
theboundarybetweenthe

�
-region andnot

�
-region can

be computedin this simple caseand is given by
��DE�

# ' ,�AGFIH JK,�A )+# L' ,KM , analogousfor the
�

-region
�!NO�

#�' FPH J/,�A )<# L' . We use it for comparisonwith the
learnedboundaries.

The two parameters9 and # ' spana region of the Q L .
We generatedfinite trainingandtestsetsof pointsequally
distributedover a subset9�R�S 4 ��T�U and # 'VR�S ) 4 	XW@�-A�	 4 U
of Q L andcomputedthetruth valuesof

�
and

�
for each

vector
� 9 � #�' � of thetrainingandtestset,respectively. The

decisiontree learningalgorithm Cal5 constructedclassi-
fiers for the

�
-region and

�
-region usingthetrainingsets

with a thresholdY � 4 	 Z[W , i.e. a maximumdecisionerror
of 15% wasallowed for eachclass( Y is an input param-
eter of Cal5 to be specifiedby the user; for using class



-0.5

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

-1 -0.5 0 0.5 1 1.5 2 2.5

th
et

a\

delta_l

’A_boundary’
’A_set’

’not_A_set’

(a) ] -region is right of computedboundary

-0.5

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

-1 -0.5 0 0.5 1 1.5 2 2.5

th
et

a^

delta_l

For theta > 1.5 class not A holds

A boundary
Learned with t=0.85

Learned with t(A) = 0.95, t(not A) = 0.65

(b) Boundariesfor 1000points

-0.5

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

-1 -0.5 0 0.5 1 1.5 2 2.5

th
et

a^

delta_l

For theta between
1.4 and 2.9 class not A holds

A boundary
Learned with t=0.85

Learned with t(A) = 0.95, t(not A) = 0.65

(c) Boundariesfor 2000points

Figure2: Learnedvs. computedboundaries

dependentthresholdvalues,seeSect.2.2). The gener-
alization error of both classifierswas measuredwith the
testsets. Finally we usedthe

�
-region classifierto clas-

sify the
�

-region testsetin orderto checktheimplication
� 9 � # ' ����� 9 � # ' �_� � � 9 � # ' �
� .

Fig. 2(a) shows the
�

-region with computedboundary
vs. thenot

�
-region. In Fig.2(b)thesolid real(computed)

boundaryof the
�

-region is comparedwith the dashed
learnedboundaryfor a training setof 1000points. There
is a relatively largeclassificationerror. In Fig. 2(c) it can
beseenthattheerrorshrinkswith anincreasingnumberof
pointsfor learning.Thesameholdsfor the

�
-region cov-

eringthe
�

region (notshown in thefigures).Furthermore
theerrorfor classifyingthe

�
-region testsetby theclassi-

fier of the
�

-regionwasnear0%. Thismeanswe“proved”
theimplicationaboveinductively.

2.2 Exploration under risk

One featureof the conceptlearningalgorithmCal5 is
the ability to decidefor a class ` usinga classdependent
thresholdY�a . Low Y�a for someclass̀ meansthatthelearn-
ing algorithmis “more sensitive” with respectto this class
or “paysmoreattention”to it. Sinceit canbeshown that

Y aVb const
,dc a

where
c a is thecostfor not recognizingclass̀ , thealgo-

rithm tries to detectthe “important” or dangerousclasses
(i.e. thosewith low thresholds)morecarefullyin ordernot
to overlookoneof them. In generalthis leadsto a higher
meanerrorfor importantclassesbut to lowercostsof mis-
classification.

We performedexperimentswith thebarandconsidered
not

�
to be the importantclasswhich mustnot be over-

looked. For demonstrationpurposeswe setthe threshold
for not

�
to the very low value of 0.65. Fig. 2(b) and

Fig. 2(c) show that the systemtries to establishthe
�

-
region with a small error (i.e. if a point is classifiedas�

, it is indeedin
�

) allowing a highererror for thenot
�

region.

While theoverall errorsarelargefor this smallnumber
of trainingdata,it is obviousthatthecomputedboundaries
changeso that theprobabilityof erroneouslydecidingfor�

whena point is in not
�

is reduced.

Another cognitive aspectconnectedwith our experi-
mentsis skill learningif we got the training samplesfor
our learning problem from generatingtrajectoriesalong
which theobjectsmove. Imaginefor examplea rat getting
a negative reinforcement(e.g. a painful electricshock)if
it runs into the not

�
-region. Then it will learnby trial

anderror andnegative reinforcementa decisionfunction
for
�

/not
�

-discrimination,i.e. implicitly the boundary
betweentheclasses(withoutconstructingananalyticalde-
scriptionin its head!). The not

�
-region will thenbe de-

tectedmorecarefully (for exampleby sensoryfeaturesif
thereareany or by usinga memoryfor orientationsand
positionsof the rat) in orderto avoid it. High costmeans
pain in this case.Anotherexampleis the learningof ob-



stacleavoidanceby a child or robot. Thuswe caneasily
extendour examplediscussedabove to prototypicalcases
of skill acquisitionwherelearningtakesplacein the con-
figuration(motor-) spaceinto which theoriginal 2- or 3D-
spacetogetherwith the obstaclesis transformed.Finally
let usnotethat in organismicinformationprocessingonly
approximationsof classboundariescanbecomputedasin
our case,i.e. some“fuzziness” is unavoidable. Learning
fuzzy relationswill bea taskof futureresearch.

The resultsfor increasingtraining setsshow that the
decisionregion for not

�
shrinkswith increasingtraining

sets,i.e. the consequencesof high risk canbe – to some
extent– compensatedby moreexperience.

In a studentsproject,we comparedCal5andDipol [5],
a hybrid (statistical/neural)algorithmthatcomputes,for a
giventrainingsetandgivennumbersof clustersfor every
class,thediscriminatinghyperplanesfor eachpair of clus-
ters belongingto different classes. (Dipol automatically
decomposeseachclassinto a setof clusterswhosenum-
ber is an input parameter).We appliedthe programsto
themorecomplicatedcaseof two rectangles,whereweget
theadditionalconstraintthat theobjectsmustnot overlap.
SomeresultsusingDipol aredescribedbelow.

2.3 Learning “right” for two rectangles using
Dipol

Therelationwasquitesimple:onerectangle
�

is right
of anotherrectangle

�
if f it is in the region boundedby

thediagonalsstartingfrom thetwo right cornersof
�

(see
Fig. 3). The configuration(feature-)spacehasseven di-
mensions. In our problemdomain (objectslocatedin a
room),we assumethatwe know therangesfor thedimen-
sionsof objectsandthemaximumdistancesbetweenthem.
We alsoassumethatthesizesof objectsarenotdistributed
uniformly, i.e. therearemoreobjectsof mediumsizethan
very largeor very smallobjects.Equally, thedistanceval-
ueswill mostlyfall into themediumrange.To capturethis
backgroundknowledge,we have givenpreferredintervals
for the values,wherethe densityof points is higher than
in therestof theintervals. For a moredetaileddescription
compare[7].

This “natural” distribution of data(called REF in the
following) was comparedwith an approachwhere only
dataneartheborderbetweenthe two classes(“critical re-
gion”) wereused. Using that method(calledEPS),only
thosevectorswereconsidered,wherechangingonevalue
by e or ):e changedthe class. Comparingthesetrain-
ing sets, the classificationerrors on a test set (100 000
pointsdistributedaccordingto REF)weremuchlargerfor
the classifierslearnedfrom a REF training set than from
an EPStraining set. This meansthat an extremelygood
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Figure3: Possiblerelationright for two rectangles

Data # Clusters train test

gen. A not A e error error

1000pointsfor training

REF 50 50 / 0.50% 6.64%

EPS 50 50 1.5 1.20% 3.24%

2500pointsfor training

REF 50 50 / 1.36% 5.20%

EPS 50 50 1.5 5.28% 2.66%

25000pointsfor training

REF 50 50 / 3.04% 3.75%

EPS 50 50 1.5 8.10% 1.93%

Table1: Resultsfor theright relationfor rectangles

generalizationwasobtainedwith EPS,i.e. by learningin
thecritical region only. Somesampleerrorsareshown in
Tab. 1. The highererrorson the training samplesfor the
EPSmethodresultfrom thefactthatonly trainingdatanear
theboundaryareused.

3 Foundations for Instruction Chains and
Automatic Planning

For any application,to considerrelationalpropositions
as isolatedentities is insufficient. To be able to build a
visualizationor to navigateaccordingto a textual instruc-
tion, we have to integratethe propositionsand their cor-
respondingconstraintsinto a (conceptual)representation
of the whole scene.In our approachthis “mental model”
consistsof a labelledgraph,wherenodesrepresentobjects
anddirectedarcsdenoterelationsbetweenthenodes.For
eachobject we have constraintson the shapeand exten-
sions,for eacharcwe have theconstraintsfor therelative
positionsandorientationsrepresentedby a transformation



Person

Fridge Lamp

Cupboard

(a)Shapesandsizes

at wall

infer
fuzzy

place fixed

behind

left front

right

(b) A simplesetof relations

Figure4: Examplefor objectsandrelations

matrix (homogeneoustransformation,cf. [1]). Our prob-
lem domainis the descriptionof objectsin a room. This
backgroundknowledgeis incorporatedin themodel.

As a runningexamplefor this sectionconsiderthevery
muchsimplified2D problemwhereobjectsaredefinedas
in Fig. 4(a),wheretheshapeandtheminimalandmaximal
sizesof objectsareshown. Persons,fridges,andcupboards
have intrinsic front andright sides2, while the orientation
of the lamp’s coordinatesystemis arbitrary. Theonly de-
finedrelationsarethosefor thefour basicdirections,where
thecenterpointsof thelocatedobjectmustbeonthecorre-
spondingaxisin thecoordinatesystemof therelatum.For
theadditionalrelationat wall, thedefault is to placeanob-
ject directly againstthe wall, but inferenceof the relation
is alsopossiblewhenthedistanceis smallerthan 4 	XW . The
defaultorientationfor objectsstandingat thewall is to ori-
ent their front sides(if they have an intrinsic front) away
from it. The coordinatesystemfor the walls are chosen
suchthat the f -axesareorientedcounterclockwisealong
the walls, while the positive

�
-axesalways point outside

theroom(seeFig. 4(b)).

Supposewearegiventhepropositions
(1) right(S,C)(“Cupboard

c
standsright of Stefanie " .”)

(2) at wall(W1,C)(“Cupboardstandsatthewall g J .”), (1)
and(2) arethelinearizationof “The cupboardstandsat the
wall to theright of Stefanie.”
(3) front(S,F)(“Fridge h standsin front of Stefanie.”)
(4) at wall(W2,F) (“The fridge standsat the wall g A .”),

2Thequestionof handednessis left out in thisexample.

(3) and(4) arethelinearizationof “The fridgestandsat the
wall in front of Stefanie.” Thusweknow that g J i� g A .
(5) left(F,L) (“The lamp j standsleft of thefridge.”)
(6) right(C,L) (“The lampstandsright of thecupboard.”)

3.1 Integrating Spatial Propositions

From the given spatialpropositions,the mentalmodel
(graph) is built up incrementally(seeFig. 5). Initially,
the graphcontainsonly nodesfor the room and its four
walls. For the first proposition,two new nodesare cre-
ated.Thebackgroundknowledgethatall objectsarein the
roomconstrainsthepositionsof bothStefanieandthecup-
board.Whentherelationright(S,C)is addedto thegraph,
the correspondingconstraintsare propagatedand ensure
that Stefanie keepsaway from the right wall by the size
of thecupboard,which converselycannotstandat the left
wall. With thesecondproposition,only theconstraintsfor
the cupboard’s positionhave to be updated.On the other
hand,the propositionfront(S,F)restrictsthe positionsof
the fridge in both directions(becauseStefaniecan’t be at
theright wall, thefridge can’t either, andfrom therelation
it cannotbeatthewall behindStefanie),andalsothepossi-
blepositionsof Stefanieandthecupboard.Proposition(5)
implicitly asserts(becauseof theobjectsizes)thatthelamp
muststandat thefront wall, andproposition(6) placesit at
theexactpositionwheretheleft/right axisof thecupboard
meetstheleft/right axisof thefridge.

3.2 Inferenceof Spatial Relations

Due to constraintpropagation,the relationsbetween
any two objectswithin theroomareimplicitly represented
in thegraphwith its constraints.Inferringa relationserves
to make this relationexplicit. This involvesfinding a path
in thegraph– which is alwayspossible,becausethegraph
is connected–, multiplying the transformationmatrices
along this path,and thenchecking,for every definedre-
lation, whetherthe computedtransformationmatrix satis-
fies its constraints.Dependingon the definedrelations,it
may be impossibleto find sucha relation. For instance,
in Fig. 5, if the fridge can have a depth larger than 0.5
plus theminimal lampsize,we cannotinfer that the lamp
standsat the front wall, even if we know that its distance
from the wall is exactly the depthof F minus its radius.
That means,we know the relation betweenthe wall and
the lamp, but cannotverbalizeit. Therefore,in contrast
to qualitative reasoningwhere not-being-able-to-infer-a-
relation is equivalent to not knowing their relative posi-
tions, in our approachthe inferenceis still useful. For ex-
ample,if we infer all positionsof objectswith respectto
the room coordinatesystem,we cangeneratea depiction
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for thescene.In thenext section,anindirectapproach,us-
ing not (only) thecomputedconstraints,but thoselearned
for therelations,is described.

3.3 GeneratingDepictions

Onemajorchallengeis thegenerationof visualizations
for agivensetof relations.We have implementedanalgo-
rithm basedontheCal5decisiontrees.Thismeansthatfor
every relation(in this caseright/front/left/behindwith the
areasshown in Fig. 3, andat wall asabove), andfor ev-
ery pair of objecttypes(cuboidor cylinder), the relations
have to be learned. The resultingdecisiontreesare then
“pruned”, i.e. for eachleaf in the treecorrespondingto a
regionin theparameterspace,wheretherelationholds,the
admissibleintervalsfor everyparameterareextracted.This
considerablyreducesthe storagespacenecessaryfor the
trees.Eachregionis assignedaweightrelativeto thenum-
berof trainingpointsat thatleaf. In thealgorithmsketched
below, theseregionsareusedto generatedepictions.All
definedrelationsarebinary. Thus,if oneof theobjectsin a
relationis alreadyplacedin theroom,wecanpick aleafof
thetreeandcomputethesize,relativepositionandrelative
orientationof thesecondobjectby assigningvaluesto the

remainingvariables.

Sincethedecisiontreesonly representthegeneralcon-
straintsfor two objectsof thespecifiedforms,we have to
includeadditionalconstraintsfor thedepiction:objectde-
scriptionsmayrestricttheextensionsof objects,duringthe
inferenceprocesswe may have narrowed the admissible
regionsfor anobject,andmostof all wehaveto checkthat
theobjectis still within theroomanddoesn’t overlapany
otherobject.

Thealgorithmworkswithout backtracking.As wecan-
notguaranteethateverysceneproducedcanbeaugmented
in sucha way that the next relation(s)alsohold, we work
onaspecifiednumberk of objectconstellationsin parallel.
For everynew relation,thevectorcontainingthepositions,
extensions,and orientationsof objectsmust be updated.
In this step,we try up to ` timesto find a leaf suchthat
the new object(s)canbe placedwithin the room without
overlappingotherobjects.In thecasethatbothobjectsare
alreadypositioned,we only have to testwhetherthereis a
leafconsistentwith therelativepositionalreadygenerated.

Generatingvisualization algorithm:
INPUT: numberk of initial vectorsandnumber̀ of trials

relationsl thathave to hold
file containingobjectdescriptions

OUTPUT: up to k sceneswhereall relationsl hold
ALGORITHM:
For eachrelation l :) Identify objectsandobjecttypes
) Findcorrespondingprunedtree
) For eachvector k :

if bothobjectsplacedthen checkwhetherrelationholds
else
) if bothobjectsnew then placefirst randomlyin room
) Pick area(randomaccordingto weightof leaf)
) Assignvaluesto variableswithin intervals3

) Checknonoverlappingwith otherobjects
) repeatup to ` timesif checkfails
) if no successthen dropvector k

Generatedepictionsfor remainingvectors

4 Conclusions

Wehavepresentedanapproachto spatialinferencewith
transformationmatricesandconstraints.While the infer-
enceof spatialrelationsis morecomplex andlessefficient
than in the caseof qualitative reasoning,we canexpress

3The intervals arethe intersectionbetweenthe informationfrom the
decisiontreeandthespecificconstraintsfor theobjectextensionsand/or
rotations
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morecomplicatedrelations.For problemdomainswherea
numericalrepresentationis necessary, asfor generatingvi-
sualizations,our approachis morenatural. The inherent
problemof checkingnonlinearsymbolic constraintscan
oftenbeavoidedby theapplicationof backgroundknowl-
edgeandby default rules.

For the generationof depictions,we have describeda
ML basedalgorithmthat usesdecisiontreesfor the rela-
tions. Several scenesare augmentedin parallelwith the
next relation.Preferredobjectsizesor positionscanbeim-
plicitly providedby generatingmoretrainingdatafor those
values.
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