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Abstract

The present article argues in favor of a discipline of Mathematical
Music Theory (see [16], [18] for earlier attempts). By reviewing
and re-interpretating known results, we draw further concl usions and
formulate working hypotheses. Especially, we recapitulat e a known
fact about diatonic triads and seventh chords in connection with
an analogous fact about pentatonic and diatonic scales in the 12-
tone system. Putting these facts together on the basis of a canonical
theory of scale generation we discuss some open questions concerning
traditional music-theoretical agreements and disagreements.

Triads and Seventh Chords understood as third chains in the 7-
tone diatonic system have the property that diatonic steps o f the
upper or lower voice correspond to third transpositions of t he en-
tire triads. The pentatonic and the diatonic scales as �fth c hains in
the 12-tone system have the similar property that certain se mitone
steps correspond to �fth transpositions of the entire scale s. The com-
monality between both situations can be more generally described
as a P1-cycle and occurs systematically in the generation of well-
formed scales. On the basis of this theory we attempt to combine
several music-theoretical concepts in a uni�ed picture. Be sides that
we describepseudo-diatonic systems as instances of a model class of
the proper diatonic and discuss the counter-factual constr uction of
a faithful recomposition.

Acknowledgments: I'm grateful to Bernd Mahr for many inspiring discus-
sions about the epistemology of mathematical modeling, to D avid Clampitt and
Norman Carey for an inspiring correspondence about the interpretation of their
theory as well as to my colleagues in Barcelona for their feedback.
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1 Abstract Music Theory

Many traditional music-theoretical concepts, such as 'diatonic scale', 'third
chain', 'chromatic alteration' are seemingly anchored in the realm of mu-
sical notation. Graphemic elements, such as sta�, relativenote head po-
sitions, accidentals etc. help to communicate these concepts among mu-
sicians and theorists. The double articulation of music in terms of scores
and performances is mirrored in the common practice of musical analy-
sis. The study of musical scores on the basis of the above-mentioned type
of concepts constitutes the core of music-analytical and music-theoretical
knowledge. Even pure theoretic concepts like Rameau's 'fundamental bass'
cannot be understood without the concepts of diatonic third chains and
the diatonic �fth progressions. The methodological di�cul ties to grasp the
music-theoretical meanings of these concepts beyond theirgraphemic an-
chors caused serious doubts about their scienti�c value within systematic
musicology. We may distinguish two main attitudes or strategies to face
this problem. From a pragmatic point of view one may simply do music
theory without considering as a 'hard science'. Many music theorists con-
ceive their work as hermeneutic, philological or pedagogical contributions
to a general discourse about music. Accordingly does the enrichment of
music-theoretical knowledge not need to be measured in evident facts, but
rather in terms of plausible modes of access to music, in terms of philological
connections (i.e.knowledgeabout knowledge, with responsibility only for
the former one). The second strategy aims at grasping musical facts along
the ontological strati�cation of musical reality and to for mulate them on
acoustical, psycho-acoustical, cognitive, phenomenological, social and other
levels of description. These attempts rely on the modes of access that other
sciences -such as physics, psychology, philosophy, sociology, etc. have de-
veloped. The coexistence of the complementary strategies has a remarkable
history on its own and includes numerous expressions of skepticism on both
sides, inspirations as well as attempts to build bridges between them.

It would be misleading, however, to consider the ontologically sensitive ap-
proaches as 'scienti�c' ones and to oppose them to a mere pragmatically
oriented 'unscienti�c' music theory. Instead we propose the term abstract
music theory in order to refer to attempts which aim at grasping music-
theoretical contents within consistent frameworks of abstract musical con-
cepts. In this article we discuss particular approaches to abstract music
theory, where mathematics plays a major role in the reformulation of tra-
ditional concepts as well as in the investigation of dependencies between
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them. Many fruitful contributions from the last three decad es indicate, that
a successful mathematisation of music-theoretical knowledge is by no means
restricted to the domain of acoustics or to the quantitative investigation of
experimental data (such as in computational psychology). The strengthen-
ing of abstract music theory by means of mathematical conceptualization
contributes in a threefold way to an enrichment of the music-theoretical
knowledge.

1. The elaboration of a consistent conceptual network and its practical
usage in musical analyses adds new insights to the 'traditional' knowl-
edge. In the context of this article we show this in the case ofcentral
ideas of Rameau's music theory. We argue that Rameau's original
plan to explain various music-theoretical facts as a consequence of
choosing the �fth and third as generating intervals can indeed be
realized to a remarkable degree.

2. Conceptual bridges between abstract music theory and acoustical,
psychological, and other levels of description can be basedon inner-
mathematical translations between mathematical models for the cor-
responding structures and processes. TheRameau Diagram (see Sec-
tion 5) can be seen as a re�nement of Fred Lerdal's model oftonal
pitch space, which was developed as a bridge between Music Theory
and Cognitive Psychology. Furthermore we formulate some ideas,
how abstract music theory can be a source for investigationsinto a
mathematical theory of the phenomenology of the mind.

3. Mathematical formulations of musical facts can be relativized by con-
structing musical counterfacts, i.e. by constructing alternative models
which are not exempli�ed by any music. These counterfacts either in-
dicate an insu�ciency of the mathematical characterizatio ns and/or
they may inspire musicians to test them out in practice, and to even-
tually turn them into musical facts. Our discussion is inspired by
Eytan Agmon's counterfactual recompositions of Schumann's "Am
Kamin" from Kinderszenen (c.f. [2]) which intend to test analytical
assertions by changing the music in such a way, such that the asser-
tion still holds. It is also inspired by Gerard Balzano's [3] suggestion
to experiment with generalized diatonic systems, which share certain
properties with the familar one.
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2 Smooth Transpositions

Several authors studied a music-theoretically interesting type of double-
relation between tone sets. Phenomenologically one may characterize these
double-relationss as a solidarity between a transformation of the entire ob-
ject on the one hand and a minimal change of a detail an the other.1 In
our discussion we depart from two prominent examples, wherethe trans-
formation in question is a transposition and the minimal change of a detail
is a scale step, namely pentatonic and diatonic scales within the chromatic
12-tone scale, and triads and seventh chords within the diatonic scale.

Figure 1 displays the situation in the case of the diatonic within the 12-tone
scale. The �fth-transposition of the diatonic scale is in solidarity with a
single chromatic alteration. This fact is known to every musician. However,
instead of taking it for granted Gerard Balzano [3] made clear that this is
a very special property, which is in accordance to the generation of the
diatonic by �fths. 2

Figure 1: Balzano Solidarity between �fth-transposition and minima l voicelead-
ing for diatonic scales within the 12-tone system.

Similarly, it is wellknown that a linear sequence as displayed in Figure
2 is in solidarity with a �fth fall F ; B ; E ; A ; D ; G ;
C ; F: The reason for this possibility has been systematically discussed
by Eytan Agmon [1] and is illustrated in the rightmost circle of Figure 3: In
diatonic seventh chords we �nd a solidarity between downwards steps of one

1c.f. Eytan Agmon [1], Gerard Balzano [3], Norman Carey and Da vid Clampitt [5],
[4], [8], Richard Cohn [10], John Douthett, David Lewin, Joh n Rahn [23] and others.

2or equivalently, in accordance to the special interval cont ent (2,5,4,3,6,1) of this scale
as stated by John Rahn [23].
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Figure 2: Solidarity between linear voiceleading in two voices and �f th-fall in
the fundamental bass

voice in solidarity with a diatonic transposition of the ent ire chord down a
third. Consequently do two steps such as in Figure 2 correspond to diatonic
�fth transpositions, and yield the �fth fall sequence in the fundamental
bass. Similarly have triads this solidarity property between an upwards
movement of one voice and a diatonic transposition down a third.

Figure 3: Right: Agmon Solidarity between third-transposition and m inimal
voiceleading for triads and seventh chords within the third -generated diatonic 7-
tone system. Left: Similar smooth transpositions occur for the pentatonic scale
within the �fth-generated 12-tone and 7-tone systems.

Remark 1 It is puzzling that in many cases of smooth transpositions mu-
sic theorists tend to invest considerable e�ort in order to argue in favor
of minimal voiceleadings and to explicitly dismiss the consideration of a
transposition (e.g. in terms of fundamental bass progression). We suggest
to draw two di�erent conclusions on two levels of investigation. On the one
hand we agree with Eytan Agmon [2] that the very possibility of such pref-
erences is interesting as such and does indeed demand more attention in
musical analysis. On the other hand there seems to be a strongphenomeno-
logical reason not to ignore the phenomenon of apassing chord. In other
words, the double phenomenon of smooth transposition is mirrored by a dou-
ble phenomenon of ignoration in music theory, namely 'fundamental-bass-
ignorance' vs. 'passing-chord-ignorance'. On a second level of description
it seems therefore reasonable to interpret this problem as agenuine musical
phenomenon. In the context of the theory of canonical scaling (see Section
4) we show a strong duality between melody and harmony in terms of a
literal parallelism in the processes of scale-step generation and harmonic-
generator generation. But the non-commutativity of the canonical group
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suggests to consider the conjugation of both processes as anextra transfor-
mative e�ort and may thus explain the 'uncertainty' in the apperception of
melody and fundamental bass.

The general case of a smooth transposition in a �nite cyclic tone system is
covered by the following de�nition and proposition:

De�nition 1 On the subsets ofZn we consider the binary relation l of
smooth transposition given by

X l Y i� (9k 2 Zn and 9x 2 X such that Y = X + k = X nf xg [ f x � 1g):

Its equivalence closure is calledP1-relation. Those P1-equivalence classes
with more than one element are calledP1-Cycles.

P1-cycles are de�ned analogously to Richard Cohn'sP-cycles, which include
inversions as transformations (see [9], [10], [8]).

Proposition 1 A subset X � Zn has a smooth transposition i� it is a
k-chain X = f t � k modn j t = 0 ; : : : ; m � 1g such that k � m = � 1modn. In
this case it generates aP1-cycle of lengthn.

Both of our examples have an additional property which is thepossibility
of a double employmentof smooth transpositions. The third transposition
of a triad is smooth in a regular 4-tone cycleZ4 as well as in a 7-tone cycle
Z7. Both can be studied together if one restricts to the two triads within an
embedded 4-cycle (i.e. a seventh chord) within the diatonic. Similarly has
the pentatonic two double employments of smooth transpositions within a
a 7-tone cycle which is a diatonic embedded into a 12-tone system.

Sets with smooth transpositions have further properties which qualify them
aswellformed scales. It is therefore useful to study them in the full context
of Norman Carey and David Clampitt's theory of well-formed scales.3

3 Wellformed Scales

Suppose we are given a �nite subsetX = f x0; :::; xN � 1g � RnZ of real
numbers modulo 1. On RnZ we inherit the total order from the semi-
open interval [0; 1), but all arithmetic operations are meant modulo 1. The

3For a systematic and detailed introduction see [4].
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sequence
(x0; :::; xN � 1)

is said to be in scale order for X , if x0 < x 1 < ::: < x N � 1. The set
�( X ) := f x i � x i � 1 j i = 1 ; :::; N � 1g [ f 1 � xN � 1g of di�erences between
adjacent elements is called the set of step intervals ofX . Two cases are of
particular importance:

� One step interval only: �( X ) = f 1
N g. In this case X = x0 + 1

N ZN ,
i.e. X is completely regular.

� Two step intervals only: �( X ) = f s; tg. In this case alsok-step
intervals come in exactly two sizes and such a scaleX is said to have
Myhill Property .

For a moment we consider the casex0 = 0. An element y 2 X is said to
generateX starting from x0 = 0 if X = f 0; y; 2y; :::; (N � 1)yg. In this case
the permuted sequence

(0; y; 2y; :::; (N � 1)y) = ( x � (0) ; x � (1) ; :::; x � (N � 1) )

(for some permutation � : ZN ! ZN ) is said to represent the generation
order of X with respect to y. Generation order and scale order can be
compared by counting the number of elements ofX within each segment
[iy; (i + 1) y) spanned by two successive multiples of the generator. This
can also be done for the 'gap' segment [(N � 1)y; 0). A generated scale
X (starting from from x0 = 0) is called a wellformed scale, if the number
of elements in each such segment | including the gap segment | is the
same. This means that the scaleX has to be generated by an element
y = xk 2 X in such a way that the permutation � : ZN ! ZN is a
multiplication modulo N , i.e. � (k) = m � k mod N . More generally, a
set X shall be considered to be a well-formed scale, if it has an element
x0 2 X , such that the transposition X � x0 = X is wellformed in the above
restricted sense. Norman Carey (c.f.[4]) shows that wellformedness of a
scaleX is equivalent to either being regular or having Myhill property. In
the former case the scale is also calleddegenerateand in the latter non-
degenerate. A further result of Carey and Clampitt ([5]) is the connecti on
between the generator of a wellformed scale and its approximation in terms
of continued fractions.4 Among all scales generated by a �xed generatory

4The reader who is unfamiliar with continued fractions will g et some idea just from
the examples which follow.
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the wellformed ones are exactly those, whose numbers of tones n appear
in the denominator of a semiconvergentk=n of y. A music-theoretically
central example for a generator is theperfect �fth modulo octave:

y = log2(3=2) with semiconvergents
1
1

;
1
2

;
2
3

;
3
5

;
4
7

;
7
12

;
10
17

;
17
29

; : : :

The continued fractions for the �rst semiconvergents are given below:

1
1 = 1

1; 1
2 = 1

1 + 1 ; 2
3 = 1

1 +
1

1 + 1

; 3
5 = 1

1 +
1

1 +
1

1 + 1

;

4
7 = 1

1 +
1

1 +
1

1 + 1 + 1

; 7
12 = 1

1 +
1

1 +
1

1 + 1 +
1

1 + 1

; : : :

The �rst wellformed scales among the scales generated by theperfect �fth
y = log2(3=2) are listed in the following table. To each one there is an
associated semiconvergent (rightmost column). The numberof tones of
the scale (leftmost column) equals the denominator of the semiconvergent
of the preceding scale. In accordance to the Myhill propertywe list the
two step sizes in columns 2 and 3 respectively. The di�erences of the step
intervals is called the generalized commata.

# Tones Step 1 Step 2 Generalized Comma Semiconv.
2 y 1 � y 2y � 1 (Maj. Second) 2=3
3 2y � 1 1 � y 3y � 2 (Min. Third) 3=5
5 2y � 1 2 � 3y 5y � 3 (Min. Second) 4=7
7 2y � 1 3 � 5y 7y � 4 (Aug. Prime) 7=12
12 7y � 4 3 � 5y 12y � 7 (Dim. Second) 10=17
17 7y � 4 7 � 12y 19y � 11 (...) 17=29
...

...
...

...
...

The step sizes of the 2-tone-scale are �fth and fourth. In thethe 3-tone-scale
we have major second and fourth, in the 5-tone scale we have major second
and minor third, etc. A dual family to these scales is a family of minimal
non-degenerate scales which are generated by the rational semiconvergents.
These are exactly the sets with smooth transpositions and �nite P1-cycles,
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Figure 4: Wellformed scales with irrational generator log2(3=2) (outer circles)
and rational approximations 2

3 ; 3
5 ; 4

7 ; 7
12 ; 10

17 ; 17
29 (inner circles). Corresponding tone

are connected. The meaning of the 2� 2-matrices is explained towards the end
of Section 4.
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such as studied in the previous section. In Figure 4 we compare both
families of scales. The duality will be analyzed in Section 4.

4 Canonical Scaling

Departing from the correspondence between wellformed scales and the con-
tinued fraction developments of their generators we study abinary tree
which embodies the whole generative structure of continuedfractions. Fig-
ure 5 displays theStern-Brocot-Tree in the traditional manner. 5 The nodes
of the tree are ratios k

n of coprime positive integersk and n.
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Figure 5: Stern-Brocot Tree. Each path on this binary tree yields a wor d in
letters 'R' and 'L', in accordance with the labels on the edge s.

The uppermost ratios 0
1 and 1

0 play an extra role asin�nitesimal generatos
as we will see. We use them together with the proper node11 in order to
produce themediants 1

2 = 0+1
1+1 and 2

1 = 1+1
1+0 as new nodes in a new horizon-

tal row, 1
2 being horizontally adjusted between 0

1 and 1
1 and analogously,2

1
being adjusted between1

1 and 1
0 , respectively. Their connecting edges with

the root 1
1 are labeled \L" and \R". Recursively, given an already produced

i 'th row (such as 1
2 , 2

1 for i = 2), we proceed as follows, in order to produce
an (i +1)'th row with two successors for each node in thei 'th row: To each
pair k1

n 1
and k2

n 2
of adjacent nodes (from left to right) in the i 'th row there

5 It was independently invented by Moriz Stern (1858) and Achi lle Brocot (1860)
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is a node l
m somewhere higher in the tree which is horizontally adjusted

in the middle between k1
n 1

and k2
n 2

. Construct the right successor node of
k1
n 1

as the mediant k1 + l
n 1 + m and adjust it in the ( i + 1)'th row midways be-

tween k1
n 1

and l
m . The connecting edge with k1

n 1
is labeled \R". Likewise,

construct the left successor node ofk2
n 2

as the mediant l + k2
m + n 2

and adjust it
between l

m and k2
n 2

. The connecting edge with k2
n 2

is labeled \L". In order to
construct the missing outermost nodes construct the mediants 1

i +1 = 0+1
1+ i

and i +1
1 = i +1

1+0 and adjust them horizontally between their predecessors
and the in�nitesimal generators, i.e between 0

1 and 1
i as well as between

i
1 and 1

0 respectively. The nodes of the tree are in 1-1-correspondence to
the positive rational numbers and the �nite (and in�nite) pa thways from
the root downwards along the edges of this tree correspond tothe semi-
convergents of �nite (and in�nite) continued fractions. Positive rational
numbers x thus correspond to �nite words ! (x) encoding the pathways
from the root 1

1 to the nodes x. For example, 4
7 corresponds to the word

! ( 4
7 ) = LRLL 2 f R; L g� :

De�nition 2 A positive rational number x 6= 1 ; 1
2 ; 2

1 shall be calledchro-
matic, if the two rightmost letters of its word ! (x) are di�erent, i.e. if
! (x) ends either with LR or with RL . In the �rst case x is called a Carey
number and in the latter case aClampitt number .

A number x is chromatic if the predecessor of its predecessor on the Stern-
Brocot tree is a convergent for it. The generating third 2

7 of the diatonic
with word ! ( 2

7 ) = LLLR and the generating �fth 7
12 of the 12-tone system

with word ! ( 7
12 ) = LRLLR are both Carey numbers. The generating �fth

3
5 of the regular pentatonic with word ! ( 3

5 ) = LRL is a Clampitt number.
The generating �fth 4

7 of the diatonic is not chromatic. A number x is
chromatic if and only if the smaller of the two wellformed scales generated
by it allows double employment of smooth transpositions.

Figure 6 displays the same tree in another way, such that nodes k
n corre-

spond to integral 2-vectorsv =
�

k
n

�
2 Z2 � R2 with coprime coordinates

k and n. In this representation we may give a geometric meaning to the
tree generation. The free monoidf R; L g� of (�nite) words in the two let-
ters \R" and \L" is isomorhphic to the monoid SB = hR; Li � SL(2; Z)
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1 • 1

1 • 2

1 • 3

1 • 4

1 • 5

1 • 6

2 • 1

2 • 3

2 • 5

2 • 7

2 • 9

3 • 1

3 • 4

3 • 7

3 • 10

4 • 1

4 • 5

4 • 9

5 • 1

5 • 6

6 • 1

3 • 2

3 • 5

3 • 8

3 • 11

5 • 3

5 • 8

5 • 13

7 • 4

7 • 11

9 • 5

4 • 3

4 • 7

4 • 11

5 • 2

5 • 7

5 • 12

7 • 5

7 • 12

8 • 3

8 • 11

10 • 7

11 • 45 • 4

5 • 9

7 • 2

7 • 9

9 • 7

11 • 3

6 • 5

7 • 3

7 • 10

8 • 5

8 • 13

9 • 2

12 • 5

13 • 8

9 • 4

10 • 3

11 • 8

12 • 711 • 7

13 • 5

Figure 6: Stern-Brocot-Tree (5 generation steps)

generated from

L =
�

1 0
1 1

�
and R =

�
1 1
0 1

�
:

SL2(Z) denotes theSpecial Linear Group of 2� 2-matrices with determinant
1 and integer coe�cients. The isomorphism: � : f R; L g� ! h R; Li is simply
given by substituting each letter R with � (R) = R and each letter L with
� (L ) = L and by multiplying the obtained matrices in the correct order. If
we restrict the group action

� : SL(2; Z) � Z2 ! Z2 with � (
; v ) := � 
 (v) := 
 � v
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to the monoid SB we see that the nodes of the Stern-Brocot Tree become

SB � e =
�


 �
�

1
1

�
j 
 2 SB

�
; where e =

�
1
1

�

and the two successors ofv = 
 � e (i.e. the end nodes of the two edges,
departing from a common nodev are vL = 
 � L � e and vR = 
 � R � e.

We go one step further in order to make the geometric meaning more
explicit. Each positive rational number x 2 Q+ corresponds to a unique
element 
 x 2 SB, such that we may indeed identify the two. This suggests
to study the entire picture in association with the group action

� : SL(2; Z) � M 2(Z) ! M 2(Z) with �( 
; � ) := � 
 (� ) := 
 � �:

Here, M 2(Z) denotes the full algebra of all integral 2� 2-matrices. In other
words, we now realize our tree in a four-dimensional space. In analogy
to vL and vR above we have
 L = 
 � L � I and vR = 
 � R � I , where

I =
�

1 0
0 1

�
denotes the identity matrix. By identifying 2 � 2 matrices

with pairs ( v; w) 2 Z2 � Z2 we may express the transition from the Stern-
Brocot-Tree in M 2(Z) to the one in Z2 by saying that the map plus :
M 2(Z) �= Z2 � Z2 ! Z2 with plus(v; w) = v + w is an equivariance of the
two group actions � and �. So, no matter at which node we pass from the
tree in M 2(Z) to the tree in Z2. The pathways are the same. A comparison
of the Figures 6 and 7 shows this correspondence.

The two successor functions on matrices, i.e. multiplication of a matrix

 with L or R from the right can be simply understood as adding the
right column to the left ( v; w)L = ( v; w) � L = ( v + w; w) and (v; w)R =
(v; w) � R = ( v; w + v) respectively.

This has the following geometric interpretation: The two exotic ratios 0
1

and 1
0 in Figure 5 can be associated with the matrices

l =
�

0 0
1 0

�
and r =

�
0 1
0 0

�
;

being in�nitesimal generators for R = exp(r) and L = exp(l). Together

with their commutator s = [ r; l] = r � l � l � r =
�

1 0
0 � 1

�
they form a

basis forsl2(R), whose elements can be interpreted geometrically as tangent
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Figure 7: The Stern-Brocot-Tree expressed in 2 � 2 matrices. It can be under-
stood as the Cayley Graph of the monoid hL ; R i � SL2(Z) (compare with Figure
6: The sum of the columns of each matrix yields the corresponding ratio on the
traditional Stern-Brocot Tree).

vectors to the identity matrix I 2 SL2(R). The transport of these tangent
vectors to another matrix is given by multiplying from the le ft:

r
 = 
 � r =
�

a b
c d

�
�
�

0 1
0 0

�
=

�
0 a
0 c

�

l 
 = 
 � l =
�

a b
c d

�
�
�

0 0
1 0

�
=

�
b 0
d 0

� :
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In other words the successors are obtained by simply adding the corre-
sponding tangent vectors to the base point
 :


 L := 
 + l 
 and 
 R := 
 + r
 :

The same holds for any multiplestl 
 or tr
 . This means that the geodesics

 � exp(tl) and 
 � exp(tr) are straight lines. This is di�erent in the case

of their commutator 
 � exp(ts) =
�

et 0
0 e� t

�
where the corresponding

geodesics are hyperbolas instead.

Remark 2 The discrete subgroupSL2(Z) and its conjugates are nicely
embedded into the (di�erentiable) Lie-group SL2(R), such that it is use-
ful to consider the geometric picture, where an algebraic property such as
non-commutativity corresponds to the geometric property of curvature. We
departed from the distinguished Cayley GraphhL; Ri . But as soon as two
or more scale generators come into play we are dealing with a small 'for-
rest' of conjugated and shifted binary trees, as we will see below in the case
of melodic and harmonic generation.

Remark 3 We emphasize this particular view on the continued fractions
in connection with a hypothesis on the phenomenology of the mind and
refer to [21] for details. This interpretation goes beyond abstract music
theory and basically consists in a canonical reformulationof Fechner's law.
This law characterizes the way, how the experiencing mind has access to
its own activity. The basic idea is, that mental activity involves simula-
tion of dynamics in terms of canonical transformations and has access to
this activity in terms of their in�nitesimal generators. Th e action � is the
simplest situation in which one may study Hamiltonian dynamics. It does
furthermore literally correspond to the situation in linear optics. The point
is that SL2(R) acts as a group of canonical transformations on the plane
R2 which can be seen as a two-dimensionalphase space, e.g. as the cotan-
gent bundleT � R over a one dimensional linear con�guration space. The
pathways down the internal tree are piecewise geodesics with respect to the
invariant Pseudo-Riemannian structure on SL2(R), which are the 
ows
is this special situation. The following arguments of aboutthe duality of
melodic and harmonic generation contribute to this phenomenological dis-
cussion. But even within the narrow scope of abstract music theory these
arguments are interesting as such.

After this lengthy mathematical and metaphysical preparation we can now
formulate the idea of canonical scaling and explain theduality of melodic
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and harmonic scale generation as shown in Figure 4. Considerany real
number r 2 R (0 < r < 1) denoting the size of a scale generator somewhere
between prime and octave. In the case of the perfect �fth we have r =
log2(3=2). Similarly in the cases of the major and minor thirds we have
r = log2(5=4) and r = log2(6=5), respectively. However,scale statesare

understood as pairs
�

q
p

�
2 R2, consisting of scale positions and scale

impulses. The pairs
�

1
1

�
;
�

1
2

�
;
�

2
3

�
;
�

3
5

�
;
�

4
7

�
;
�

7
12

�
;
�

10
17

�

(see the inner examples of Figure 4) are scale states which represent rational
generators.

De�nition 3 To each generatorr 2 R, 0 < r < 1, consider the sequence
of generator approximations Gen(r ) = ( 
 0; 
 1; 
 2; : : :) of matrices 
 i 2
SL2(Z), which represent the semiconvergents ofr . Further consider the
matrices

� =
�

r 1
0 1

r

�
=

�
r 0
0 1

r

�
�
�

1 1
r

0 1

�
and J =

�
0 1
� 1 0

�
:

The sequenceStep(r ) = ( � 0; � 1; � 2; : : :) with � i = � � J � 
 i � J � 1; for i =
0; 1; 2; 3::: is called the sequence ofstep-approximations of r .

It turns out, that the upper rows of the i -th matrix in Step(r ) contains the
two step sizes of thei -th well-formed scale generated from generatorr and
that their di�erence is the associated generalized comma. The fact that the
sequencesGen(r ) and Step(r ) are in literal 1-1-correspondence suggests the
concept of aharmonic-melodic duality. The matrix � is multiplied with the
conjugatesJ � 
 i �J � 1 of the corresponding matrices
 i and thus suggests the
assumption of an uncertainly in the translation between the two processes
of generation. In our example the scale states corresponding to generation
of melodic steps begin as follows (see the outer examples of Figure 4):
�

� 1 + r
� r � 1

�
;
�

� 1 + 2r
� 2r � 1

�
;
�

� 2 + 3r
� 3r � 1

�
;
�

� 3 + 5r
� 4r � 1

�
;
�

� 4 + 7r
� 7r � 1

�
;

We refer to [21] for a phenomenological interpretation. In the following we
restrict our investigation to the harmonic side of the duality, i.e. to special
sequencesGen(r ).
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5 What is Harmonic Tonality?

Many theorists tend to assume that there is a common ground toa large
repertoire of music written since the beginning of the 17th century, which
is often labeled asharmonic tonality . This subject domain is approached
along several levels of description, among which we emphasize (in alpha-
betical order) counterpoint, harmony, melody and tonality . It is still a
matter of debate and of ongoing research to understand the interplay of
the corresponding musical elements and phenomena. A commonanchor
for many later developments and rami�cations are the theoretical writ-
ings of Jean Philippe Rameau. However, besides several other weaknesses
Rameau leaves us with a missing explanatory link between thegenerating
role of the intervals of the abstract perfect triad of the one hand and his
concrete treatment of triads and seventh-chords, fundamental bass progres-
sions, double emploi etc. on the other (see [13]). A particularly sensitive
and interesting part is chapter nine of his Treatise on Harmony (see [22]),
where he quali�es triads and seventh chords as the only conceivable har-
monic units and treats them in a rather homogenous way. We argue that
a missing piece of puzzle can be added to Rameau's argumentation in the
context of the above discussion.

Let us suppose that Agmon-Solidarity for triads and seventhchords within
the third-generated diatonic and the Balzano-Solidarity for the pentatonic
and diatonic within the �fth-generated 12-tone system are both of music-
theoretical relevance in the sense that smooth transpositions exemplify a
kind of fundamental type of contiguity. This is to say, that | among other
factors | the scale degree connections between triads and seventh chords
as well as the modulatory connections between diatonics arebased on this
common principle of smooth transposition. In addition let us remind about
the theoretical fact this is a structural consequence of thewellformedness of
these chords and scales. This links them directly to Carey and Clampitt's
theory of scale generation including the major result whichexplains the
prominent tone systems : structural, pentatonic, diatonic, 12-tonesystem,
... as being determined from the perfect �fth as a generator.The following
considerations are inspired by the idea to put the two lines of argument
together into one network of arguments, which includes convincing argu-
ments in support of the central elements of Rameau's theory and adds the
mentioned missing piece of puzzle to his argumentation. First we have a
closer look on the semiconvergents of the major- and minor thirds:

y = log2(5=4) with semiconvergents
1
1

;
1
2

;
1
3

;
1
4

;
2
7

;
3
10

;
4
13

;
5
16

;
6
19

;
7
22

; : : :
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y = log2(6=5) with semiconvergents
1
1

;
1
2

;
1
3

;
1
4

;
2
7

;
3
11

;
4
15

;
5
19

;
6
23

;
11
42

; : : :

The two thirds are indistinguishable along their �rst 5 semi convergents:
1
1 ; 1

2 ; 1
3 ; 1

4 ; 2
7 . In the sequel we choose the minor-third as a second generator

besides the �fth. The reason will be discussed in argument 7 below. Figure
8 is called the Rameau Diagram. It displays a �rst attempt to localize
prominent music-theoretical concepts along the pathways for the perfect
�fth and the minor third. This is driven by the following

Working Hypothesis: All generation steps on the two pathways of the
tree including the node of the �fth-generated 12-tone system and the minor-
third-generated 11-tone system as well as the two concordances between
these pathways at the levels of 3 tones and 7 tones have musical meaning.

Figure 8: RameauDiagram

The arguments below form a �rst attempt to make this working h ypothesis
plausible. However, the present music-theoretical interpretations have still
to be dealt with caution. A detailed discussion of possible alternatives and
counter-arguments is subject of a future study.
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1. Concordances The two pathways correspond to the two genera-
tors �fth and (minor) third. The common scale impulses n = 3 and
n = 7 support di�erent concordances between them. In both cases
the third-generated �fth is composed of two thirds: 2 � 1 = 2 mod 3
and 2� 2 = 4 mod 7, but in the casen = 3 the '�fth-generated third'
is composed of two �fths (2 � 2 = 1 mod 3) while for n = 7 the '�fth-
generated third' is composed of four �fths (4 � 4 = 2 mod 7).6 We
discuss the possible musical meanings of these concordances sepa-
rately:

2. Stumpf-Concordance. The third generated 3-tone system reminds
of an abstract regular triad, because it becomes later specialized in
4- and a 7-tone-system in order to yield the 'ordinary' diatonic triad.
If we establish a concordance between the third-generated �fth (two
thirds) and the generating �fth, we have to assume a concordance
between the double-�fth and the third as well. This embodiesa plau-
sible way (among others, see [20]) to mathematically formalize Carl
Stumpf's [24] idea to view the triad as a concordance of consonant
intervals, rather than as a rigid segment from the overtone-series.

3. Rameau-Concordance The fact that 2
7 is a common semi-convergent

of both thirds and 4
7 a semiconvergent of the �fth supports Rameau's

principle to consider these intervals as the only conceivable funda-
mental bass progressions within the diatonic. Furthermore is the
Rameau-Concordance a bridge between Agmon and Balzano Solidar-
ity.

4. Agmon and Balzano Solidarity The smooth transpositions of tri-
ads and seventh chords within the third-generated diatonic(Agmon
Solidarity) as well as the smooth transpositions of the pentatonic
and diatonic within the �th generated 12-tone-system are part of the
Rameau-Diagram. Thus we may include most of Section 2 into this
argumentation.

5. Double Employment Two prominent music-theoretical concepts
can be interpreted as instances of a double employment of smooth
transpositions. Firstly, we argue that Rameau'sdouble emploiindeed
correspond to the double-smooth transpositions. The transposition
of (F; A; C ) to ( D; F; A ) (or vice versa) is smooth within (D; F; A; C )

6 It is desirable to formulate the concordances in terms of can onic transformations,
but we leave that for a further study.
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and within the diatonic, because it is in solidarity with the step from
C to D (or vice versa). This step exchanges an external 'dissonant'
tone with an internal one. At the same time (because of the sol-
idarity) does the corresponding transposition substitute the funda-
mental bass. This means that Rameau's usage of "double emploi"
is very close to our mathematical de�nition. Secondly, can the dou-
ble employment of the two smooth transpositions of the pentatonic
be interpreted in the sense of Riemann's tonal functions 'Dominant'
and 'Subdominant'. The former is a �fth transposition in sol idarity
with a leading tone exchange betweenC and B , while the other is
a �fth transposition in solidarity with a 'quasi'-leadingt one exchange
between E and F . Daniel Harrison [12] suggests to consider the
functional agents and functional bases as independent constituents of
tonal functions, which may or may not occur together (especially in
chromatic music). In the light of our discussion one may re�ne his
point by saying, that the double employment of the solidarity between
�fth transposition and semitone step might indeed explain, that one
of the two phenomena could imply the other for very systematic rea-
sons. A possible objection against our interpretation is nevertheless
the fact that a tonal function is seldom expressed in terms ofan entire
pentatonic. Therefore we provide also the following argument which
may eventually relativize this objection.

6. Tonic Triads There are two qualitatively di�erent ways of embed-
ding the �fth-generated 3-tone system into the regular 5-tone-cycle
with regard to its further embedding as a pentatonic in the �f th-
generated diatonic and 12-tone system. The 'sensitive' embedding
chooses a �fth-chain which remains a �fth-chain in the embedded
pentatonic like (C; G; D). This is what Carey and Clampitt call the
structural system. The 'ignorant' embedding - however - goes across
an interval which becomes a third rather than a �fth. We call t his
the tonic triad . In the case of a pentatonic (C; G; D; A; E ) these tonic
triads would be (E; C; G) and (A; E; C ). The mathematical reason
to take this possibility into consideration is the fact that in any case
('sensitive' or 'ignorant') the 3-chain is not(!) smooth wi thin the �fth-
generated diatonic and does therefore not allow double employment.
In other words, there is no serious reason to discard the 'ignorant'
embedding from the outset. However, we nevertheless consider this
as the most arguable construction in this list. To include the phe-
nomenon oftonality is desirable, but has to be done with caution.
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7. Harmonic Minor Analogue A very surprising interpretation comes
'for free', if we construct the canonical chromatic completion of the
third-generated diatonic, i.e. a tone system in which the seventh
chords allow double employment. In analogy to the Carey number
7

12 which represents the �fth-generated 12-tone system, we have the
Clampitt number 3

11 which represents a minor-third-generated 11-
tone system. The right successor of27 on the Stern-Brocot tree is 3

10
and represents a major-third-generated 10-tone system. However in
the light of double employment it is preferable to choose theminor
third as a generator for the chromatic completion. Each minor third
has 3 chromatic steps. The surprising fact is the following:There is
only one possibility to embed the diatonic such that the steps from
B to C and from E to F become semitones. But in this case the step
from G to A becomes also a semitone! This may shed new light on
the 'raised' leading tone in minor or the 'lowered' sixth in major. In
the 11-tone system there has nothing to be raised or lowered,because
the ordinary diatonic tones G and A are already at semitone distance.
The augmented second betweenF and G# appears merely as a result
of a lacking concordance between the two chromatic completions.

6 Pseudo-Diatonic Systems

Instead of interpreting the tree down to the root, we may �x a n on-rooted
concept of a concordant diatonic, namely the third-generated Agmon sys-
tem being linked to the �fth generated Balzano system (cf. Figure 6).

This concept can be studied in terms of its extension, i.e. byexploring its
model class. The fact, that we removed the root of the tree in Figure 6,
implies that there are in�nitely many models for this concept, which we
call pseudo-diatonic systems. For each chromatic number 0< k

2n +1 < 1
2

with odd denominator 2n + 1 there is a uniquely de�ned pseudo-diatonic
system associated to it. It is simply constructed by choosing the chromatic
completion for the associated (concordant) �fth-generated pseudo-diatonic
with generator 2k

2n +1 . The 'smallest' examples are shown in Figure 10.

The idea of experimenting with pseudo-diatonic systems hasbeen raised by
several authors (see [11] for a recent contribution to this subject). Without
the condition of double-employment in both systems one may skip the con-
dition that the third-generator of the diatonic as well as th e �fth-generator
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Figure 9: Concordant Diatonic System (consisting of an Agmon System and a
Balzano System)

of the chromatic completion of the �fth-generated diatonic have to be chro-
matic numbers. Balzano's generalized 'diatonic' systems (c.f [3]) are in fact
pseudo-pentatonicones in the sense that the concordance takes place be-
tween the largest scale of the Agmon system and the smallest(!) scale of
the Balzano system. Only his 9-tone pseudo-pentatonic within the 20-tone
chromatic has the property of double employment. 7

There are various possibilities to investigate these systems, which from the
outset have to be considered as music-theoretically counterfactual. We
mention one strategy, which may be called themethod of faithful recompo-
sition. In its simplest form we may explore the meaning of an analysis of a
piece by recomposing the piece in all ways which do not changethe analy-
sis. In a more sophisticated form the method includes the recomposition in
counterfactual tone systems and includes a faithful transfer of the analy-
sis. If a detailed analysis includes a complete descriptionof the underlying
score there is no simple recomposition besides the original. However, if the
tones system or another theoretical frame is replaced by a counterfactual
variant even detailed analyses may have counterfactual models in terms of
faithful recompositions.

7Balzano studies systems of triads within his generalized sy stems, but these do not
have smooth transpositions. There is another property, whi ch makes them structurally
interesting (c.f. [20].)
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11 14 17 12 15 10 13 16
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Figure 10: Example 1: Pseudo-Diatonic with 5 tones in 9-chromatics,
Example 2: Standard Diatonic with 7 tones in 12-chromatics,Examples
3 -8: Pseudo-Diatonics with 9 tones in 16-chromatics, 11 tones in 19-
chromatics, 11 tones in 20-chromatics, 13 tones in 22-chromatics, 17 tones
in 29-chromatics, 19 tones in 32-chromatics.
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Figure 11 displays a fundamental bass analysis of the �rst 19bars of J.S.
Bach's prelude in C-major (welltempered pianovol. 1). In the manner of
decomposing the fundamental bass into �fth progressions and third sub-
stitutions as well in the way of graphical representation wefollow Nicolas
Meeus [15]. In addition we use arrows# or " if the fundamental bass 'co-
incides' with the actual bass or soprano respectively.

Figure 11: Linear bass descent and falling fundamental bass in the �rst 19 bars
of J.S. Bach's prelude in C-major ( welltempered piano vol. 1)

Schenkerians typically emphasize the melodic descent of the actual bass
down an octave. It is therefore interesting to observe that in addition the
fundamental bass goes in strict �fth fall interrupted by dow nward minor-
third substitutions. The following counterfactual recomp osition of this pas-
sage in Balzano's 9-tone pseudo-pentatonic is faithful in both ways. It con-
�rms the bass descend by an analogously ascending bass and itcon�rms to
above fundamental bass analysis in analogous terms. The inversion in direc-
tion is a consequence of the pseudo-pentatonic. A recomposition within the
proper 11-tone pseudo-diatonic (a system that has already been suggested
by Paul Zweifel [25]) would yield a downwards bass line in 11 steps.8

Figure 12: Faithful recomposition in Balzano's 9-tone pseudo-pentat onic

After having listened to a computer-generated performanceof a faithfully
�gurated version of this recomposition in an equal-tempered 20-tone tuning
with ordinary MIDI-piano sound I still tend to consider it as counterfactual
music and strongly recommend to listen to it only for scienti�c purposes
:-)

8We leave that as an exercise to the reader.
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